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Abstract

A first-order linear fully discrete scheme for the incompressible time-dependent
Navier-Stokes equations in three-dimensional domains is studied, which decouples the
computations for velocity and pressure.

Using a C0 finite element approximation verifying the inf-sup condition (the so-
called mini-element), optimal error estimates are proved imposing the constraint h ≤
α k where h and k are the mesh size and the time step respectively.

The main idea used here, is to define an artificial projection step in order to rewrite
the scheme as a pressure incremental projection method, more easy to treat from the
numerical analysis point of view.

1 Introduction

We consider the incompressible Navier-Stokes equations in a bounded domain Ω ⊂ IR3:

(P )

{
ut + (u · ∇)u − ν ∆u + ∇ p = f , ∇ · u = 0 in Ω× (0, T ),
u = 0 on ∂Ω× (0, T ), u|t=0 = u0 in Ω,

where u(x, t) ∈ IR3 is the fluid velocity at position x ∈ Ω and time t ∈ (0, T ), p(x, t) ∈ IR
the pressure, ν > 0 the viscosity (which is assumed constant) and f(x, t) ∈ IR3 the external
force.
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We consider a (regular) partition of [0, T ] of diameter k = T/M . If u = (um)M
m=0 is a

given vector with um ∈ X (a Banach space), let us to introduce the following notation for
discrete in time norms:

‖u‖l2(X) =

(
k

M∑
m=0

‖um‖2
X

)1/2

and ‖u‖l∞(X) = maxm=0,...,M ‖um‖X

For simplicity, we will denote H1 = H1(Ω) etc., L2(H1) = L2(0, T ;H1) etc., and H1 =
H1(Ω)3 etc.

The numerical analysis for the Navier-Stokes Problem (P ) has received much attention
in the last decades and many numerical schemes are now available. The main (numerical)
difficulties of this problem are the coupling between the pressure p and the incompress-
ibility condition ∇ · u = 0 and the nonlinearity of the convective terms (u · ∇)u.

The origin of so-called splitting in time methods is generally credited to the works
of Chorin [2] and Temam [9]. They developed the well known Chorin-Temam projection
method, which is a two step scheme, computing an intermediate velocity via a convection-
diffusion problem and the second step is a free divergence L2(Ω)-projection step obtaining
an end-of-step pair velocity-pressure. Afterwards, it was developed a modified projection
scheme (called incremental pressure or Van-Kan scheme) where an explicit pressure term
is added in the first step and a pressure correction term in the projection step. The main
drawback of projection methods are that the end-of-step velocity does not satisfy the exact
boundary conditions and the discrete pressure verifies “artificial” boundary conditions.

More recently, error estimates for projection methods have been obtained (see [7], [8]
for time discrete schemes and see [4] for a fully discrete scheme). Basically, for the Chorin-
Temam projection scheme, one has time error estimates of order O(k1/2) in l2(H1)∩l∞(L2)
and of order O(k) in l2(L2) for both velocities and of order O(k1/2) in l2(L2) for the
pressure. For the incremental pressure scheme, the error estimates are improved to order
O(k) in l2(H1) ∩ l∞(L2) for the intermediate velocity and order O(k) in l2(L2) for the
pressure (this last estimate is proved for the linear problem) [7], [8]. In fact, these optimal
estimates for the time discrete scheme, are also obtained in [4] for a fully discrete scheme
by using a stable pair of finite element spaces and solving the projection step by means of
a mixed velocity-pressure formulation, under the constraint k2 ≤ α h in three-dimensional
domains or k2 ≤ α (1 + log(h−1)) in two-dimensional cases.

By the contrary, in the present paper, we will obtain optimal error estimates under
the completely different constraint h ≤ α k for a FEM scheme which decouple the com-
putations of velocity and pressure. This result will be based on to rewrite the scheme as
an incremental pressure projection method but solving the projection step by means of
a Poisson problem for the pressure (more easy to treat from the computational point of
view than the mixed velocity-pressure formulation given in [4]) and using the associated
time discrete scheme as an intermediate problem (obtaining firstly the error estimates
between the exact problem and this intermediate time scheme and afterwards the spatial
error estimates between the intermediate time scheme and the fully discrete scheme). This
argument has already been used in [5] for a different splitting scheme (with decomposition
of viscosity) for Navier-Stokes equations.

The particular property that some projection methods can be rewritten as pressure
segregation methods (decoupled the computations for velocity and pressure), was observed
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for instance in [7], and very recently, for the segregated scheme associated to the non-
incremental projection method, the convergence and sub-optimal error estimates for the
pressure (of order O(k1/2 + h)) have been obtained in [1], without imposing the inf-sup
condition for the finite element spaces, but under the constraint α h2 ≤ k ≤ β h2. In this
paper, we study a pressure segregated scheme but related to the incremental projection
method, obtaining optimal error estimates for the velocity and the pressure (of order
O(k + h)) under the constraint h ≤ α k and imposing the inf-sup condition.

In the following, we will present the auxiliary time discrete scheme and the fully discrete
scheme, jointly with the main results (in [6] the reader may see more details, in particular
the proof of the results).

2 The auxiliary time discrete scheme

2.1 Description of the scheme

Given a (uniform) partition of the time interval [0, T ] with diameter k = T/M , {tm =
m k}M

m=0, and (fm)M
m=1 an approximation of f(tm), we will define (um, pm)M

m=1 an approx-
imation of the solution {u, p} of (P ) at the time t = tm, by means of a two-step scheme
splitting the nonlinearity (u · ∇)u and the incompressibility condition ∇ · u = 0 into
different steps (but keeping pressure terms in both steps): an explicit pressure term is
introduced in the convection-diffusion problem for the velocity (step 1), with an implicit
correction in the free-divergence projection step (step 2).

In the sequel, as usual, we will use the usual skew-symmetric form of the convective
term 〈C(u,v),w〉 = c(u,v,w) = ((u ·∇v,w)− (u ·∇w,v))/2. This trilinear form verifies

c(u,v,v) = 0, ∀u ∈ H1
0, ∀v ∈ H1, (1)

For simplicity, we take the viscosity constant ν = 1.
The auxiliary time discrete scheme is defined as follows:

Initialization: Let ũ0 = u(0). Let p0 be given and to take u0 = ũ0.

Sub-step 1 : Given um, ũm and pm, to find ũm+1 : Ω → IR3 solution of

(S1)m+1


1
k
(ũm+1 − um) + C(ũm, ũm+1)−∆ũm+1 +∇pm = fm+1 in Ω,

ũm+1|∂Ω = 0 on ∂Ω.

Sub-step 2 : Given pm and ũm+1, to find um+1 : Ω → IR3 and pm+1 : Ω → IR solving

(S2)m+1


1
k
(um+1 − ũm+1) +∇ (pm+1 − pm) = 0 in Ω,

∇ · um+1 = 0 in Ω, um+1 · n|∂Ω = 0.

This step is a projection step. In fact, um+1 = PHũm+1 where PH is the L2-projection
onto H, because (um+1 − ũm+1,v) = 0 for all u ∈ H.

It is well known that Sub-step 2 is equivalent to the two following (decoupled) problems:
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1. To find pm+1 : Ω → IR such that

(S2)m+1
a

{
k ∆(pm+1 − pm) = ∇ · ũm+1 in Ω
k∇(pm+1 − pm) · n|∂Ω = 0 on ∂Ω.

2. To find um+1 : Ω → IR3 as

(S2)m+1
b um+1 = ũm+1 − k∇(pm+1 − pm) in Ω.

Notice that an initial pressure p0 must be introduced as approximation of p(0).
On the other hand, adding (S1)m+1 and (S2)m+1, we get the consistence relations:

(S3)m+1


1
k
(um+1 − um) + C(ũm, ũm+1)−∆ũm+1 +∇pm+1 = fm+1 in Ω,

ũm+1|∂Ω = 0, ∇ · um+1 = 0 in Ω.

2.2 Differential problems verified by the errors

We introduce the following notations for the errors in t = tm+1:

ẽm+1 = u(tm+1)− ũm+1, em+1 = u(tm+1)− um+1, em+1
p = p(tm+1)− pm+1.

Then, the errors verify the following problems:

(E1)m+1


1
k
(ẽm+1 − em)−∆ẽm+1 +∇ (em

p + k δtp(tm+1)) = Em+1 + NLm+1 in Ω,

ẽm+1|∂Ω = 0,

where Em+1 = −1
k

∫ tm+1

tm

(t − tm)utt(t) dt −
(∫ tm+1

tm

ut · ∇
)

u(tm+1) := Em+1
1 + Em+1

2 is

the consistency error, and NLm+1 = −C
(
ẽm,u(tm+1)

)
− C

(
ũm, ẽm+1

)
,

(E2)m+1


1
k
(em+1 − ẽm+1) +∇

(
em+1
p − em

p − k δtp(tm+1)
)

= 0 in Ω,

∇ · em+1 = 0 in Ω, em+1 · n|∂Ω = 0.

Lemma 1 (Continuous dependence of the errors) The following inequalities hold

|em+1| ≤ |ẽm+1|, |em+1 − ẽm+1| ≤ |ẽm+1 − em|.

Moreover, there exists C = C(Ω) > 0 such that ‖em+1‖ ≤ C ‖ẽm+1‖.

2.3 Regularity hypotheses.

In the sequel, we will assume the following regularity hypothesis on Ω:
(H0) Ω ⊂ IR3 such that the Poisson-Dirichlet problem in Ω has H2(Ω) regularity.
In order to obtain the different error estimates, the following regularity hypotheses for

the (unique) solution (u, p) of (P ) will appear:
(H1) u ∈ L∞(H2 ∩V), pt ∈ L2(H1), ut ∈ L2(L2), utt ∈ L2(H−1)
(H2) ptt ∈ L2(H1), ut ∈ L∞(L3) ∩ L3(H1), utt ∈ L2(L2), uttt ∈ L2(H−1)
(H3) utt ∈ L∞(H−1)
Unfortunately, to obtain hypotheses (H1)-(H3) is necessary to assume that ut(0) ∈

H1, which implies a non local compatibility condition for the data u0 and f .
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2.4 O(k)-error estimates for the velocities

Theorem 2 Under the hypotheses of (H1) and the constraint |∇e0
p| ≤ C, the following

error estimates hold:

‖ẽm+1‖l∞(L2)∩l2(H1) + ‖em+1‖l∞(L2)∩l2(H1) ≤ C k and ‖em+1
p ‖l∞(H1) ≤ C. (2)

Lemma 3 Under hypotheses of Theorem 2, one has ‖ẽm+1‖H2 ≤ C, ∀m.

From the l∞ in time estimates of ‖ẽm+1‖H2 ≤ C and ‖em+1
p ‖ ≤ C, ∀m, one also has

‖ũm+1‖H2 ≤ C and ‖pm+1‖ ≤ C ∀m.

2.5 O(k)-error estimates for the pressure

First, we are going to obtain error estimates for discrete time derivative of velocity, that
we denote as

δtem+1 =
em+1 − em

k
, δtẽm+1 =

ẽm+1 − ẽm

k
.

Afterwards, we will obtain the optimal O(k) estimates for the pressure.
Making δt(E1)m+1 and δt(E2)m+1, one obtains (∀m ≥ 1),

(D1)m+1 δtẽm+1 − δtem

k
−∆δtẽm+1 +∇(δte

m
p + k δtδtp(tm+1)) = δt(Em+1 + NLm+1)

where δtδtp(tm+1) = (δtp(tm+1)− δtp(tm))/k, and

(D2)m+1 δtem+1 − δtẽm+1

k
+∇(δte

m+1
p − δte

m
p − k δtδtp(tm+1)) = 0.

Theorem 4 Assuming the hypotheses of Theorem 2, (H2) and the following constraint
on the initial approximation |δte1|+ |k∇δte

1
p| ≤ C k, then

‖δtem+1‖l∞(L2)∩l2(H1) + ‖δtẽm+1‖l∞(L2)∩l2(H1) ≤ C k

Theorem 5 Under hypothesis of Theorem 4 and (H3), the following error estimates hold

‖ẽm+1‖l∞(H1) + ‖em+1
p ‖l∞(L2) ≤ C k.

3 Fully discrete scheme

3.1 Finite element approximation and fully discrete scheme

We consider a finite element approximation of the time discrete scheme given above. We
restrict ourselves to the case where Ω is a 2D polygon or a 3D polyhedron satisfying the
regularity hypothesis of (H0). We consider two finite element spaces Yh ⊂ H1

0(Ω) and
Qh ⊂ H1(Ω) ∩ L2

0(Ω) (globally continuous functions and locally polynomials of degree at
least 1) associated to a regular family of triangulations Th of the domain Ω with mesh
size h. Moreover, we assume the “inf-sup” condition ([3]) for (Yh, Qh): there exists
β > 0 independent of h such that, infqh∈Qh\{0}

(
supvh∈Yh\{0}

(qh,∇·vh)
‖vh‖ |qh|

)
≥ β. We assume

interpolation operators with the following properties:
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• Ih : L2 → Yh such that (u − Ihu,∇qh) = 0, ∀ qh ∈ Qh and satisfying the approxi-
mating properties:

‖ũ− Ihũ‖H−1 ≤ C h ‖ũ− Ihũ‖L2 ∀ ũ ∈ L2(Ω),

‖ũ− Ihũ‖H1 ≤ C h ‖ũ‖H2 ∀ ũ ∈ H2(Ω) ∩H1
0(Ω),

• Jh : H1 → Qh defined by
(
∇(Jhp− p),∇qh

)
= 0 ∀ qh ∈ Qh, satisfying

|p− Jhp| ≤ C h ‖p− Jhp‖H1 ≤ C h ‖p‖H1 ∀ p ∈ H1(Ω) ∩ L2
0(Ω).

For instance, we can consider the IP 1-bubble× IP 1 approximation to construct Yh ×Qh.
Now, following the equality um+1 = ũm+1 − k∇(pm+1 − pm), we define the time-space
interpolator operator Kh,kum+1 ∈ Yh +∇Qh by:

Kh,kum+1 = Ihũm+1 − k∇Jh(pm+1 − pm). (3)

Then, we can obtain

|um+1 −Kh,k um+1| ≤ C
(
h ‖ũm+1‖H2 + k ‖pm+1 − pm‖

)
≤ C(k + h) ∀m.

Finally, the following constraint between the discrete parameters (k, h) will be assumed:
(H) h ≤ α k with α > 0 a constant independent of k and h.
A generic step m + 1 of the fully discrete scheme is defined as follows:

Sub-step 1: Given (ũm
h , pm

h ) ∈ Yh × Qh and um
h ∈ Yh + ∇Qh, to find ũm+1

h ∈ Yh

solving

1
k

(
ũm+1

h −um
h ,vh

)
+c
(
ũm

h , ũm+1
h ,vh

)
+
(
∇ ũm+1

h ,∇vh

)
+
(
∇pm

h ,vh

)
=
(
fm+1,vh

)
.

Sub-step 2: Given (ũm+1
h , pm

h ) ∈ Yh ×Qh, to find pm+1
h ∈ Qh solving(

k∇(pm+1
h − pm

h ),∇qh

)
=
(
ũm+1

h ,∇qh

)
∀qh ∈ Qh.

Now, we define um+1
h ∈ Yh +∇Qh by

(S2)m+1
b,h um+1

h = ũm+1
h − k∇(pm+1

h − pm
h ).

It is very important that um+1
h verifies the L2-orthogonality:

(
um+1

h ,∇qh

)
= 0 ∀ qh ∈ Qh.

We introduce the end-of-step velocity um
h only to make the numerical analysis. This

is not necessary for the practical implementation of this scheme, which can be realized as
follows: Given (pm−1

h , ũm
h ) ∈ Qh ×Yh.

(a) To find pm
h ∈ Qh such that

(
k∇(pm

h − pm−1
h ),∇qh

)
=
(
ũm

h ,∇qh

)
∀ qh ∈ Qh.
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(b) To find ũm+1
h ∈ Yh such that, ∀vh ∈ Yh,( ũm+1

h − ũm
h

k
,vh

)
+ c
(
ũm

h , ũm+1
h ,vh

)
+
(
∇ ũm+1

h ,∇vh

)
+
(
∇(2pm

h − pm−1
h ),vh

)
=
(
fm+1,vh

)
.

Then, the computation for pressure and velocity is decoupled (for this, the scheme is called
a pressure segregation method). In fact, (a) is a Poisson problem for the pressure and
(b) is a linear convection-diffusion problem for the velocity (which is also decoupled by
components of ũm+1

h ).

3.2 Problems related to the spatial discrete errors

We will present an error analysis for the fully discrete scheme (ũm+1
h ,um+1

h , pm+1
h ) as an

approximation of the time discrete scheme (ũm+1,um+1, pm+1). We denote the errors as:

em+1
d = um+1 − um+1

h , ẽm+1
d = ũm+1 − ũm+1

h , em+1
p,d = pm+1 − pm+1

h

These errors can be decomposed splitting the discrete part and the interpolation one:

em+1
d = em+1

h + em+1
i , ẽm+1

d = ẽm+1
h + ẽm+1

i , em+1
p,d = em+1

p,h + em+1
p,i

where ei are the interpolation errors and eh the space discrete errors. Then, one has
1
k

(
ẽm+1

h − em
h ,vh

)
+
(
∇ ẽm+1

h ,∇vh

)
+
(
∇em

p,h,vh

)
= NLm+1

h (vh)

−
(
ei(δtũm+1),vh

)
−
(
∇ẽm+1

i ,∇vh

)
−
(
∇(2 em

p,i − em−1
p,i ),vh

)
, ∀vh ∈ Yh

em+1
h = ẽm+1

h − k∇(em+1
p,h − em

p,h).

3.3 O(h) error estimates for ẽm+1
h in l∞(L2)∩ l2(H1) and for em+1

h in l∞(L2)

Theorem 6 We assume the hypotheses of Theorem 2, |e0
h| ≤ C h and k|∇e0

p,h| ≤ C h.
Then, the following error estimates hold

‖ẽm+1
h ‖2

l∞(L2)∩l2(H1) + ‖em+1
h ‖2

l∞(L2) + ‖k∇em+1
p,h ‖2

l∞(L2) ≤ C h2 (4)

Corollary 7 Assuming the hypotheses of Theorem 6, (H) and ‖u0
h‖2

W 1,6 ≤ C0, one has

ũm+1
h is bounded in l∞(W1,6). (5)

3.4 O(h) error estimates for δte
m+1
h in l∞(L2), δtẽ

m+1
h in l∞(L2)∩ l2(H1) and

(ẽm+1
h , em+1

p,d ) in l∞(H1 × L2)

By making δt(E1)m+1
h and δt(E2)m+1

h , thanks to the choice of interpolation operators,
1
k

(
δtẽm+1

h − δtem
h ,vh

)
+
(
∇δtẽm+1

h ,∇vh

)
+
(
∇δte

m
p,h,vh

)
= δt NLm+1

h (vh)

−
(
ei(δtδtũm+1),vh

)
−
(
∇δtẽm+1

i ,∇vh

)
−
(
∇(2 δte

m
p,i − δte

m−1
p,i ),vh

)
∀vh ∈ Yh

δtem+1
h = δtẽm+1

h − k∇(δte
m+1
p,h − δte

m
p,h)
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Theorem 8 Under the hypotheses of Theorems 4 and 6, assuming the hypothesis for the
first step of the scheme

|δte1
h|+ |k∇δte

1
p,h| ≤ C h,

then
‖δtem+1

h ‖l∞(L2) + ‖δtẽm+1
h ‖l∞(L2)∩l2(H1) + ‖k δt∇em+1

p,h ‖l∞(L2) ≤ C h. (6)

Corollary 9 Assuming hypotheses of Theorem 8, the following error estimates hold

‖em+1
p,h ‖l∞(L2) ≤ C h and ‖ẽm+1

h ‖l∞(H1) ≤ C h.

Finally, combining Theorem 5 and Corollary 9, the the total error verifies

‖u(tm+1)− ũm+1
h ‖l∞(H1) + ‖p(tm+1)− pm+1

h ‖l∞(L2) ≤ C (k + h).
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