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Abstract

A first-order linear fully discrete scheme for the incompressible time-dependent
Navier-Stokes equations in three-dimensional domains is studied, which decouples the
computations for velocity and pressure.

Using a C° finite element approximation verifying the inf-sup condition (the so-
called mini-element), optimal error estimates are proved imposing the constraint i <
ak where h and k are the mesh size and the time step respectively.

The main idea used here, is to define an artificial projection step in order to rewrite
the scheme as a pressure incremental projection method, more easy to treat from the
numerical analysis point of view.

1 Introduction

We consider the incompressible Navier-Stokes equations in a bounded domain  C IR>:

() {ut+(u-V)u—yAu+Vp:f, V-u=0 in Qx(0,7),

u=0 ond2x(0,7), uy—=ug in g,

where u(x,t) € IR? is the fluid velocity at position x € Q and time ¢ € (0,7T), p(x,t) € IR
the pressure, v > 0 the viscosity (which is assumed constant) and f(x, t) € IR? the external
force.
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We consider a (regular) partition of [0, 7] of diameter k = T/M. If u = (u™)M_ is a
given vector with «™ € X (a Banach space), let us to introduce the following notation for

discrete in time norms:

M 1/2
ullizx) = (k > \Ium\|§<> and  |Juljeo(x) = maxy—o,.m || x
m=0

For simplicity, we will denote H! = H'(Q) etc., L?(H') = L?(0,T; H') etc., and H! =
H'(Q)? etc.

The numerical analysis for the Navier-Stokes Problem (P) has received much attention
in the last decades and many numerical schemes are now available. The main (numerical)
difficulties of this problem are the coupling between the pressure p and the incompress-
ibility condition V - u = 0 and the nonlinearity of the convective terms (u- V)u.

The origin of so-called splitting in time methods is generally credited to the works
of Chorin [2] and Temam [9]. They developed the well known Chorin-Temam projection
method, which is a two step scheme, computing an intermediate velocity via a convection-
diffusion problem and the second step is a free divergence L?(Q)-projection step obtaining
an end-of-step pair velocity-pressure. Afterwards, it was developed a modified projection
scheme (called incremental pressure or Van-Kan scheme) where an explicit pressure term
is added in the first step and a pressure correction term in the projection step. The main
drawback of projection methods are that the end-of-step velocity does not satisfy the exact
boundary conditions and the discrete pressure verifies “artificial” boundary conditions.

More recently, error estimates for projection methods have been obtained (see [7], [§]
for time discrete schemes and see [4] for a fully discrete scheme). Basically, for the Chorin-
Temam projection scheme, one has time error estimates of order O(k'/2) in I2(H)NI>°(L?)
and of order O(k) in [?(L?) for both velocities and of order O(k'/?) in [?(L?) for the
pressure. For the incremental pressure scheme, the error estimates are improved to order
O(k) in [?(H') N 1*°(L2) for the intermediate velocity and order O(k) in [?(L?) for the
pressure (this last estimate is proved for the linear problem) [7], [8]. In fact, these optimal
estimates for the time discrete scheme, are also obtained in [4] for a fully discrete scheme
by using a stable pair of finite element spaces and solving the projection step by means of
a mixed velocity-pressure formulation, under the constraint k2 < « h in three-dimensional
domains or k% < a (1 +1log(h™!)) in two-dimensional cases.

By the contrary, in the present paper, we will obtain optimal error estimates under
the completely different constraint h < ak for a FEM scheme which decouple the com-
putations of velocity and pressure. This result will be based on to rewrite the scheme as
an incremental pressure projection method but solving the projection step by means of
a Poisson problem for the pressure (more easy to treat from the computational point of
view than the mixed velocity-pressure formulation given in [4]) and using the associated
time discrete scheme as an intermediate problem (obtaining firstly the error estimates
between the exact problem and this intermediate time scheme and afterwards the spatial
error estimates between the intermediate time scheme and the fully discrete scheme). This
argument has already been used in [5] for a different splitting scheme (with decomposition
of viscosity) for Navier-Stokes equations.

The particular property that some projection methods can be rewritten as pressure
segregation methods (decoupled the computations for velocity and pressure), was observed
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for instance in [7], and very recently, for the segregated scheme associated to the non-
incremental projection method, the convergence and sub-optimal error estimates for the
pressure (of order O(k'/2 + h)) have been obtained in [1], without imposing the inf-sup
condition for the finite element spaces, but under the constraint ah? < k < fh%. In this
paper, we study a pressure segregated scheme but related to the incremental projection
method, obtaining optimal error estimates for the velocity and the pressure (of order
O(k + h)) under the constraint h < a k and imposing the inf-sup condition.

In the following, we will present the auxiliary time discrete scheme and the fully discrete
scheme, jointly with the main results (in [6] the reader may see more details, in particular
the proof of the results).

2 The auxiliary time discrete scheme

2.1 Description of the scheme

Given a (uniform) partition of the time interval [0,7] with diameter k = T/M, {t,, =
mk}M_ and (f™)M_, an approximation of f(t,,), we will define (u™, p"™)M_, an approx-
imation of the solution {u,p} of (P) at the time ¢ = t,,, by means of a two-step scheme
splitting the nonlinearity (u - V)u and the incompressibility condition V - u = 0 into
different steps (but keeping pressure terms in both steps): an explicit pressure term is
introduced in the convection-diffusion problem for the velocity (step 1), with an implicit
correction in the free-divergence projection step (step 2).

In the sequel, as usual, we will use the usual skew-symmetric form of the convective
term (C'(u,v),w) = c(u,v,w) = ((u-Vv,w) — (u- Vw, v))/2. This trilinear form verifies

c(u,v,v) =0, YucH), VveH!, (1)

For simplicity, we take the viscosity constant v = 1.
The auxiliary time discrete scheme is defined as follows:

Initialization: Let u’ = u(0). Let p" be given and to take u® = u’.

Sub-step 1 : Given u”, u” and p™, to find w™*! : Q — IR? solution of

1 . e~ ~
(1) %(um—&-l —u™) 4+ Cc@™, "t — Au" T 4 vpT = £ i Q,

™90 =0 on 00.

Sub-step 2 : Given p™ and w™t!, to find u™*! : Q — IR? and p*t! : Q — IR solving

1 ~ .
(SQ)m+1 %(um—ﬂ - um+1) +V (pm+1 -p")=0 inQ,
V-u™t =0 inQ, u™!.njyg=0.
This step is a projection step. In fact, u™t! = Pgu™t! where Py is the L%-projection

onto H, because (u”*! —u™*! v) =0 for all u € H.

It is well known that Sub-step 2 is equivalent to the two following (decoupled) problems:
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1. To find p™*+! : Q — IR such that
(S )m+1 kA(perl _ pm) =V- ’ﬁerl in Q
2a EV(pmtt —p™) -njsgo =0 on IQ.

2. To find u™* : Q — IR3 as

(SQ)Z%H um+1 _ ﬁerl _ kv(perl _pm) in Q.

Notice that an initial pressure p must be introduced as approximation of p(0).
On the other hand, adding (7)™ and (S2)™*!, we get the consistence relations:

1 ey~ ~ .
—(™ —u™) + @, am™t) — At 4 vptt = £ g Q,

(53)m+1 k
lNlm'H’aQ =0, V-u"l=0 inQ.

2.2 Differential problems verified by the errors

We introduce the following notations for the errors in t = t,,4:

~m+1

e m+1

ﬁm—l—l , +1 em—l—l

=u(lms1) —u", " = ptmy) — .

=u(tms1) — e

Then, the errors verify the following problems:

1. ~
(Bt | pET €M) Z AT A V() + kdp(tnga)) = £ NLT in ©,
1
ety =0,
1 _1 tm+41 B B tm+1 '  ome mal
where £ =7 (t —tm) up(t)dt u - V) u(tymer) =& + & s
tm tm

the consistency error, and NL™*! = —C(Em, u(tm+1)> — C(ﬁm,5m+1),

Lo omi1  <ma1 mal m -
(Ep)mtt %(e -+ v(% —e, =k 5tp(tm+1)> =0 in (),

V.e™tl =0 inQ, e™t! . n|pq = 0.

Lemma 1 (Continuous dependence of the errors) The following inequalities hold

|em+1| S ‘fém—&-l" |em+1 _ *evm+1| S |fém+1 _ em|'

Moreover, there exists C = C(2) > 0 such that ||[e™ || < C|lem™*!].

2.3 Regularity hypotheses.

In the sequel, we will assume the following regularity hypothesis on 2:

(HO) Q C IR? such that the Poisson-Dirichlet problem in € has H2?(Q) regularity.

In order to obtain the different error estimates, the following regularity hypotheses for
the (unique) solution (u,p) of (P) will appear:

(H1) uc L®H?NV), p € Ll?HY, wue€l?*L?, uycll?HY

(H2)  py € L*(HY), w € L®(L3)NL3HY), uy € L2(L?), wy € L2(HY)

(H3) Uy € LOO(H71>

Unfortunately, to obtain hypotheses (H1)-(H3) is necessary to assume that u;(0) €
H!, which implies a non local compatibility condition for the data ug and f.
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2.4 O(k)-error estimates for the velocities

Theorem 2 Under the hypotheses of (H1) and the constraint |Ve)| < C, the following
error estimates hold:

[€7 oo woyrzcarry + €™ o w2yzyy < Ck - and  lep™ o gy < C. - (2)

Lemma 3 Under hypotheses of Theorem 2, one has ||€™ Y| g2 < C, Vm.

From the [°° in time estimates of [[€™"!||y2 < C and [le]"*!]| < C, Vm, one also has

@2 < C and  p"TH < C Ym.

2.5 O(k)-error estimates for the pressure

First, we are going to obtain error estimates for discrete time derivative of velocity, that
we denote as

em+1 —em 5t6m+1 _ ’ém-‘,—l —_em
k ’ k
Afterwards, we will obtain the optimal O(k) estimates for the pressure.
Making 6;(F1)™+! and 6;(E2)™*!, one obtains (Vm > 1),
5té’m+l _ 5tem
k
where 0;0:p(tm+1) = (0p(tmy1) — 0p(t))/k, and
5tem+1 _ 5t’ém+1
k

Theorem 4 Assuming the hypotheses of Theorem 2, (H2) and the following constraint
on the initial approzimation |6,et| + [k Vie)| < C'k, then

5tem+1 _

(Dy)m 1 — A&+ YV (Sie) + k 6t6:p(tm1)) = G¢(E™T + NL™ )

(D) HL + V(0iey ™t — b€ — k 610ip(tmi1)) = 0.

160"+ oo 22y iz (arry + 11608 oo (£2y iz arry < C'k
Theorem 5 Under hypothesis of Theorem 4 and (H3), the following error estimates hold

1€ e 1y + llep ™ Hlioo 2y < Ck.

3  Fully discrete scheme

3.1 Finite element approximation and fully discrete scheme

We consider a finite element approximation of the time discrete scheme given above. We
restrict ourselves to the case where € is a 2D polygon or a 3D polyhedron satisfying the
regularity hypothesis of (H0). We consider two finite element spaces Y, C H}(Q) and
Qn C HY(Q) N L3(2) (globally continuous functions and locally polynomials of degree at
least 1) associated to a regular family of triangulations 7, of the domain Q with mesh
size h. Moreover, we assume the “inf-sup” condition ([3]) for (Y, Q@pn): there exists

$ > 0 independent of h such that, infy, cg,\(0} |SUPy,ev,\{0} %) > 3. We assume
interpolation operators with the following properties:
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e I; : L? — Y}, such that (u — Iu, Vg,) = 0, Vg, € Q) and satisfying the approxi-
mating properties:

|- L) g < Ch|Ja— Ll VaeLi(Q),
|0 — I g < Chlulg: VaeH2(Q)NH(Q),
o J,: H' — Q) defined by (V(Jhp —p), th> =0 Vq, € Qp, satisfying

p— Jwpl < Chllp— Jppllgr < Chlpll; Vp e HY(Q)NLI(Q).

For instance, we can consider the IP-bubble x IP; approximation to construct Yy x Q.
Now, following the equality u™! = ™! — kV(p™*! — p™), we define the time-space
interpolator operator Kh,kumJrl €Y+ VQy by:

Kppu™ = L™t — k(" - p™). (3)
Then, we can obtain
" = Ky w1 < C (R e + K™ = ")) < Clk+R) Vm.

Finally, the following constraint between the discrete parameters (k, h) will be assumed:
(H) h<ak with @ > 0 a constant independent of k£ and h.
A generic step m + 1 of the fully discrete scheme is defined as follows:

Sub-step 1: Given (W), pl") € Y, x Q; and u}® € Yy, + VQy, to find u"™! € Y,
solving

1/ ~m
k(uzp‘ﬂ—uzﬂvh) —i—c(uh ,uhmH,v ) (V antt Vvh> (szn,vh) = (fm+1,vh>.
Sub-step 2: Given (u mH,ph ) € Yi X Qp, to find pmJrl € @y, solving
(k VRt =), V%) = (ﬁ;TH,VQh) Van € Q.

Now, we define uerl €Y, + VQy by

(S2)m+1 uZl+1 ~m+1 ]{IV( m+1 pzn)

It is very important that u;L”H verifies the L?-orthogonality: (uh ks th) =0Vq, € Q.

We introduce the end-of-step velocity u}* only to make the numerical analysis. This
is not necessary for the practical implementation of this scheme, which can be realized as
follows: Given (pznfl, uy') € Qp x Yy,

(a) To find pJ* € Q), such that <k V(pr — i, th> - (ﬁ?, th> Yan € Qn.
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(b) To find ;"™ € Y}, such that, Vv, € Y,
~m+1 _m
<w,vh) + c(ﬁh ,uZ"H,vh)
(V uy Vvh> + <V(2ph —phy, vh> = <fm+1,vh).

Then, the computation for pressure and velocity is decoupled (for this, the scheme is called
a pressure segregation method). In fact, (a) is a Poisson problem for the pressure and
(b) is a linear convection-diffusion problem for the velocity (which is also decoupled by
components of u;"*1).

3.2 Problems related to the spatial discrete errors
We will present an error analysis for the fully discrete scheme (uzn+1 mH, pg‘ﬂ) as an
approximation of the time discrete scheme (W™ *!, u™*! pm+1). We denote the errors as:

_ . om+1 m+1 ~m+1 _ ~m+1 ~m+1 m+1 __ m+1
ed =u uh s ed =u h R ep7 = p — Dy,

These errors can be decomposed splitting the discrete part and the interpolation one:

el = gmtl y gmtl
7 )

d — eh am+1 _ gzwrl +E;n+1 m+1 m+1 + em{rl

ed ep,d _eph

where e; are the interpolation errors and ej, the space discrete errors. Then, one has

1/ ~
(& —epvn) + (Ve v vi) + (Vepva) = NL (vi)

—(ei(atﬁm“) ) (Vem“ vVh) (V(zegji_emfl),vh), Vi, € Y,

p7l

eyt =&t —kv(ert —e,).

3.3 O(h) error estimates for €' in [*(L?)N{*(H') and for e]"*! in [*(L?)

Theorem 6 We assume the hypotheses of Theorem 2, |€)| < C'h and k:]Vegh\ < Ch.
Then, the following error estimates hold

[ (L2)niz|EY) T Hem+1Hz°o L) T HkVem“Hloo(m) <cn? (4)
Corollary 7 Assuming the hypotheses of Theorem 6, (H) and |[u)|[3,1s < Co, one has

u)" ™ is bounded in 1°°(W19). (5)

3.4 O(h) error estimates for §,e"*" in [*°(L?), §;&]"™" in [~(L*) N{*(H!) and
(et ety in I°(H' x L?)

By making &§;(E1)}""" and 6t(E2)ZL+1, thanks to the choice of interpolation operators,

%(5@;3“ e vn) + (V8L Vva) + (Vg vi) = 6 NLI (v)
(ez(étdtum“) vh> — (V&tegnH,Vvh) — (V(Q deep’; — drey's b, vh) Vv, €Yy

eyt = oyt — kY (Grelt = biep,)
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Theorem 8 Under the hypotheses of Theorems 4 and 6, assuming the hypothesis for the

first step of the scheme
|6rep| + |k Véie,, ] < Ch,

then
18e€5 oo L2y + 10685 1o )iz ey + 1k 6:V R Hlpoo 2y < C . (6)
Corollary 9 Assuming hypotheses of Theorem 8, the following error estimates hold
el o2y < Chand &) |y 1y < C .
Finally, combining Theorem 5 and Corollary 9, the the total error verifies

la(tm1) = 0 i gty + (1) = Ph e (r2) < C (k + h).
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