
We establish a new estimate for the topological degree of continuous maps from the sphere SN

into itself and discuss a optimal constant in this estimate.
The first result is the following(see [3])

Theorem 1 (J. Bourgain, H. Brezis, H-M. Nguyen) Let g : SN −→ SN be a continuous function.
Then, for every 0 < δ <

√
2, there exists a constant C = C(δ,N), independent of g, such that

|deg g| ≤ C

∫

SN

∫

SN

|g(x)−g(y)|>δ

1
|x− y|2N

dx dy. (1)

Estimate (1) trivially implies

|deg g| ≤ C(p,N)
∫

SN

∫

SN

|g(x)− g(y)|p
|x− y|2N

dx dy, ∀ g ∈ C(SN , SN ).

which was proved in [1]. Estimate (1) was already known for N = 1 (see [2]), but the proof given
in [2] was quite involved and could not be extended to higher dimensions.
Moreover, we will show that (1) holds if and only if

0 < δ < `N :=

√
2 +

2
N + 1

.

More precisely(see [4]),

Theorem 2 (H-M. Nguyen) Let g ∈ C(SN , SN ), δ ∈ (0, `N ). Then

|deg g| ≤ C

∫

SN

∫

SN

|g(x)−g(y)|>δ

1
|x− y|2N

dx dy, (2)

for some positive constant C = C(δ,N).
Furthermore, there exists a sequence {gk}k∈N ⊂ C(SN , SN ) such that

deg gk = 1, ∀ k ≥ 1, (3)

and
lim

k−→∞

∫

SN

∫

SN

|gk(x)−gk(y)|>`N

1
|x− y|2N

dx dy = 0. (4)
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