
A VARIATIONAL SCHEME TO BOUNDARY VALUE PROBLEMS FOR
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Abstract. We propose and describe an alternative perspective to the study and numerical ap-

proximation of boundary value problems governed by ODEs. It is based on a variational approach

that seeks to minimize the quadratic error understood as a deviation of paths from being a solution

of the corresponding system. This philosophy has been examined recently for Cauchy problems.

Here we exploit optimality conditions and steepest descent strategies to establish precise and

easy-to-implement numerical schemes for the approximation. We believe the procedure has some

advantages with respect to the traditional shooting method. We show the practical performance

in a number of selected examples.
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1. Introduction

The objective of this contribution is to propose an alternative method to analyze and approximate
a problem of the type

(1.1) F (t, x(t), x′(t), x′′(t)) = 0 in (0, T ), x(0) = x0, x(T ) = xT ,

where x : (0, T ) → RN belongs to appropriate classes of paths, and

(1.2) F (t, x, p, q) : (0, T )×RN ×RN ×RN → RN

enjoys suitable smooth hypotheses, that will be specified later when appropriate. There is a main
structural assumption on the mapping F that would allow for variational techniques to show exis-
tence (and eventually set up numerical schemes) for such a problem. Namely, if there is a density
f(t, x, p) : (0, T )×R, so that the variational problem

Minimize in x :
∫ T

0

f(t, x(t), x′(t)) dt

under x(0) = x0, x(T ) = xT , in addition to suitable integrability properties, admits optimal solu-
tions, then such optimal solutions will also be solutions of the boundary value problem

− d

dt

∂f

∂p
(t, x(t), x′(t)) +

∂f

∂x
(t, x(t), x′(t)) = 0 in (0, T ), x(0) = x0, x(T ) = xT ,

provided we have enough regularity assumptions on f . However, this approach requires restrictive
hypotheses on the map F in (1.2). If for a given F , there is no such density f , or we do not know
whether there might be such f , we are left with the direct analysis of our original problem (1.1).
The typical numerical scheme to approximate the solution of such problems is the classical shooting
method (see [2] for instance). It is well-known, however, all of the practical difficulties associated
with the implementation of such procedure.
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We would like to propose a different perspective on the analysis and numerical implementation
of problem (1.1). It is based on setting up an error functional of the kind

E(x) =
∫ T

0

1
2
|F (t, x(t), x′(t), x′′(t))|2 dt

defined for feasible paths x complying with boundary conditions x(0) = x0, x(T ) = xT . Notice that
E is a global measure of the departure of a feasible path from being a solution of our problem. In
this way, solutions are precisely the admissible paths with zero error. Our plan can then be divided
into several steps:

(1) Existence of solutions will be a consequence of showing that the infimum of the error vanishes,
and that it is attained. Put

m = inf
x∈A

E(x) ≥ 0

where
A = {x ∈ H2(0, T ) : x(0) = x0, x(T ) = xT }.

Our aim is to show, under appropriate hypotheses on F , that:
(a) m is a minimum;
(b) m = 0.

(2) Once we know that there is a solution of the problem, under smoothness assumptions on
F , we can use typical steepest descent strategies to find iterative approximations of such
solutions.

(3) Finally, we would also like to establish that if E(xj) ↘ 0 for a suitable approximating
sequence then xj converges strongly in A to a solution of the problem.

As a matter of fact, we will use optimality to prove existence. The strategy is as follows:

• Prove that, under appropriate assumptions on F , there are global minimizers of the error.
• If F is smooth, such minimizers will be solutions of the corresponding optimality equations.

Under the further property that solutions of such optimality equations can only occur at
zero error, we will have solutions of the original problem (1.1).

• The preceding remark implies that critical points of the error functional are, automatically,
global minimizers with zero error, and, hence, solutions of the boundary value problem.
Therefore it is legitimate to approximate the solutions by using steepest descent strategies
as they will never get stuck on critical points that are not global minima with zero error,
simply because there are no such critical points.

A final interesting remark is that one can always use a steepest descent scheme, even in situations
where existence of solutions is not theoretically guaranteed, or critical points that are not global
minima could exist, for we know that solutions correspond exactly to zero error. If in the approxi-
mation process we see that the error tends to zero, despite not being able to guarantee theoretically
anything, our approximation will be a good approximation. This is the issue of showing that xj ⇀ x

and E(xj) ↘ 0 imply that xj → x strong.
This methodology has already been explored for Cauchy problems in [1] from the viewpoint of the

direct method of the Calculus of Variations, and from the viewpoint of optimality conditions in [8].
Though our ideas here can be easily extended to systems, possibly strengthening hypotheses, we will
concentrate here in a single equation so as to avoid unnecessary technicalities that may make the
whole analysis harder to comprehend. Therefore we will take N = 1, F : (0, T )×R×R×R → R,
and feasible paths are just real functions defined in the interval (0, T ).

There are another three sections. In Section 2, we gather all theoretical results: existence of so-
lutions, strong convergence of approximations, and some illustrative academic examples. Numerical
issues are specifically discussed in Section 3, while we include several computable examples in the
final section.
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2. The error functional and existence of solutions

As has been indicated in the Introduction, our philosophy is based on looking for solutions of the
problem

F (t, x(t), x′(t), x′′(t)) = 0 in (0, T ), x(0) = x0, x(T ) = xT ,

where again x : (0, T ) → R belongs to appropriate classes of paths, and

F (t, x, p, q) : (0, T )×R×R×R → R

enjoys suitable smooth hypotheses, through minimizers of the error functional

E(x) =
∫ T

0

1
2
|F (t, x(t), x′(t), x′′(t))|2 dt.

Existence of solutions will be a consequence of showing that the infimum of the error vanishes, and
that it is attained.

When the structure of F itself is variational, i. e., there is some f(t, x, p) : (0, T )×R×R → R
so that

− ∂

∂t
fp(t, x(t), x′(t)) + fx(t, x(t), x′(t) = 0

is equivalent to our initial equation F (t, x(t), x′(t), x′′(t)) = 0, then solutions are critical points for
the functional

I(x) =
∫ T

0

f(t, x(t), x′(t)) dt.

This is standard with variational methods ([7]). Since in many interesting instances, the underlying
equation does not have this variational structure, or even if it does, solutions of the equation are
just critical points, and not minimizers, purely minimizing techniques for I cannot be applied to find
such solutions. For this reason, our point of view is a bit different and equally applicable regardless
of whether the equation we are dealing with has or does not have such structure. Set

A = {x ∈ H2(0, T ) : x(0) = x0, x(T ) = xT },

for the feasible set of paths.

Proposition 2.1. Assume that the map F defined above is a Carathéodory mapping such that

• q 7→ |F (t, x, p, q)|2 is convex for every triplet (t, x, p) fixed;
• there are positive constants C and M such that

|F (t, x, p, q)| ≥ C|q| −M(|p|+ |x|+ 1).

Then, if there are minimizing sequences {xj} with {x′j(0)} bounded, there are minimizers in A for
the error functional E.

Proof. Let x ∈ A. Then

x′(t)− x′(0) =
∫ t

0

x′′(s) ds, |x′(t)| ≤ |x′(0)|+
∫ t

0

|x′′(s)| ds.

Further
1
t2
|x′(t)|2 ≤ 2

t2
|x′(0)|2 + 2

(
1
t

∫ t

0

|x′′(s)| ds
)2

.

By Jensen’s inequality applied to the last integral, we get

1
t2
|x′(t)|2 ≤ 2

t2
|x′(0)|2 +

2
t

∫ t

0

|x′′(s)|2 ds,

and

(2.1) |x′(t)|2 ≤ 2|x′(0)|2 + 2t
∫ t

0

|x′′(s)|2 ds.
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On the other hand, notice that the bound assumed on the statement implies, in an elementary way,
that

(2.2) |q|2 ≤ 1
C2

(
4|F (t, x, p, q)|2 + 4M |p|2 + 4M |x|2 + 4M

)
.

By using this estimate in (2.1), we obtain

|x′(t)|2 ≤ 2|x′(0)|2 +
2t
C2

∫ t

0

(
4|F (s, x, x′, x′′)|2 + 4M |x′(s)|2 + 4M |x(s)|2 + 4M

)
ds.

For the sake of simplicity, let K denote a generic constant that may depend on C, M , T , xT , and
x0, and change from a line to the next. Then

|x′(t)|2 ≤ 2|x′(0)|2 +K +KE(x) +K

∫ t

0

(
|x′(s)|2 + |x(s)|2

)
ds.

We can apply Gronwall’s inequality to have

(2.3) |x′(t)|2 ≤ K|x′(0)|2 +K +KE(x) +K

∫ t

0

(
|x(s)|2

)
ds,

for a suitable constant K. By going over the same bounding process with x′ and x, we conclude
that

|x(t)|2 ≤ K|x′(0)|2 +K +KE(x),

for every t ∈ (0, T ), and for an appropriate constant K. We therefore conclude, by going back to
(2.3), that

|x′(t)|2 ≤ K|x′(0)|2 +K +KE(x),

for all t. The bound (2.2) implies that

‖x′′‖L2(0,T ) ≤ K|x′(0)|2 +K +KE(x).

Let now {xj} be a minimizing sequence for the error such that {x′j(0)} is bounded. This last bound
on the derivatives at zero implies that it is a bounded sequence in H2(0, T ), and so it converges
weakly in such space to some feasible weak limit x ∈ A. In addition, both {x′j}, and {xj} converge
strongly to x′ and x, respectively. Due to the convexity of the integrand of the error with respect
to the second derivative argument, and to the continuity with respect to x′ and x, we can conclude
that

E(x) ≤ lim inf
j→∞

E(xj),

and x is a minimizer of the error. �

It is not clear how to avoid the boundedness on the derivatives at zero. It is true that there
is, by the mean value theorem, an intermediate point t0 where the derivative of a given x ∈ A is
exactly (xT −x0)/T . But the fact that this does not occur at zero causes a lack of adjustment in the
above argument. As we will shortly see, the same approximating process used to find a minimizing
sequence will tell us whether the derivatives at zero remain bounded. From a practical point of view,
it is not a serious drawback. We will later refer to this issue of the derivative at zero.

The task of showing that the minimum value m vanishes is more involved. Our strategy is based
on assuming smoothness, and try to conclude m = 0 by looking at optimality conditions. Suppose
that the mapping F is smooth with respect to (x, p, q), and, in addition,

|F (t, x, p, q)Fq(t, x, p, q)| ≤ C(x, p)(1 + |q|),

|F (t, x, p, q)Fp(t, x, p, q)| ≤ C(x, p)(1 + |q|2),

|F (t, x, p, q)Fx(t, x, p, q)| ≤ C(x, p)(1 + |q|2),

where C(x, p) is a locally bounded function. In this way the function

F (t, x(t), x′(t), x′′(t))Fq(t, x(t), x′(t), x′′(t)) ∈ L2(0, T )
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if x ∈ H2(0, T ), and likewise

F (t, x(t), x′(t), x′′(t))Fp(t, x(t), x′(t), x′′(t)),

F (t, x(t), x′(t), x′′(t))Fx(t, x(t), x′(t), x′′(t)),

are functions in L1(0, T ). Set for simplicity

F (t) = F (t, x(t), x′(t), x′′(t)),

and the same for the corresponding partial derivatives.

Proposition 2.2. Suppose that the mapping F is such that, in addition to all hypotheses indicated
so far, for every solution x of the problem

(2.4)
d2

dt2
(FF q)−

d

dt
(FF p) + FF x = 0 in (0, T ),

with boundary conditions at the end-points

x(0) = x0, x(T ) = xT , FF q

∣∣
t=0

= FF q

∣∣
t=T

= 0,

we have F ≡ 0 in (0, T ). Then every critical point of the error functional E is a solution of our
initial boundary-value problem. In particular, there are solutions for our original boundary value
problem (1.1).

For the proof of this statement, simply notice that (2.4) is nothing but the the Euler-Lagrange
equation for critical points of the error functional, so that the hypothesis assumed, directly implies
that every critical point is a global minimizer with zero error, i.e., a solution of the problem. Because
of the previous proposition, we indeed have solutions, as the minimizer is a critical point.

Some more interesting sufficient conditions for the property in this proposition can be given more
explicitly.

Proposition 2.3. Suppose, in addition to all the above hypotheses, that for every solution of (2.4),

F q > 0, F xF q +
1
4
|F p|2 ≤ 0

and this last inequality is strict for at least one t ∈ [0, T ]. Then every critical point of the error
functional E is a solution of the initial boundary-value problem.

Proof. Multiply (2.4) by FF q, integrate by parts over (0, T ) in the first two terms, by using its
vanishing boundary values on both end-points, to obtain∫ T

0

(
− d

dt
(FF q)2 + FF p

d

dt
(FF q) + F

2
F xF q

)
ds = 0.

Reorganize this identity by writing∫ T

0

(
−
∣∣∣∣ ddt (FF q)−

1
2
FF p

∣∣∣∣2 +
1
4
F

2
F

2

p + F
2
F xF q

)
ds = 0.

From here we conclude that ∫ T

0

(
1
4
F

2
F

2

p + F
2
F xF q

)
ds ≥ 0,

and by the hypothesis in the statement, we necessarily have

F
2
(F xF q +

1
4
|F p|2) ≡ 0,

and moreover
d

dt
(FF q)−

1
2
FF p = 0 in (0, T ).

If we put z = FF q, then there is at least one t in the interval (0, T ) where z vanishes, and 2z′ =
F
−1

q F pz. Therefore z identically vanishes, and so does F . �
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We can gather all of the previous facts in our basic existence result in the following theorem.

Theorem 2.4. Let F (t, x, p, q) : (0, T )×R×R×R → R be a Carathéodory integrand such that:

(1) Smoothness: F is smooth with respect to the variables (x, p, q);
(2) Convexity: the function |F (t, x, p, q)|2 is a convex function of q;
(3) Coercivity: there are positive constants C and M with

|F (t, x, p, q)| ≥ C|q| −M(|p|+ |x|+ 1), |x′(0)| ≤ C(E(x) + 1);

(4) Growth: there is a locally bounded function C(x, p) such that

|F (t, x, p, q)Fq(t, x, p, q)| ≤ C(x, p)(1 + |q|),

|F (t, x, p, q)Fp(t, x, p, q)| ≤ C(x, p)(1 + |q|2),

|F (t, x, p, q)Fx(t, x, p, q)| ≤ C(x, p)(1 + |q|2);

(5) Positivity: we always have

Fq > 0, FxFq +
1
4
|Fp|2 ≤ 0,

and if x is such that

FxFq +
1
4
|Fp|2 ≡ 0 in (0, T ),

then F ≡ 0 in (0, T ) as well.

Then the boundary value problem (1.1)

F (t, x(t), x′(t), x′′(t)) = 0 in (0, T ), x(0) = x0, x(T ) = xT ,

admits solutions with second derivative uniformly bounded.

Let us look at some interesting, illustrative examples. They are taken from [5]. We will focus on
the property concerning the fact that critical points of the error can only be global minimizers with
zero error.

(1) x′′(t) + 1
2x(t) = sin t in (0, π), with x(0) = x(π) = 0. In this situation, we are concerned

with the problem

d2

dt2
(x′′ +

1
2
x− sin t) +

1
2
(x′′ +

1
2
x− sin t) = 0 in (0, π)

with boundary conditions

x(0) = x(π) = 0, x′′ +
1
2
x− sin t

∣∣∣∣
t=0,π

= 0.

If we put y = x′′ + 1
2x− sin t, then we have that y is a solution of the problem

y′′ +
1
2
y = 0 in (0, π), y(0) = y(π) = 0.

It is well-known that the only solution of this problem is y ≡ 0. So that the hypothesis in
Theorem 2.2 is true, and we have solutions of the problem as soon as we find minimizing
sequences of the error with bounded derivatives at zero. In fact, there is a unique solution
(that can be found quite explicitly).

(2) x′′(t) + x(t) = sin t in (0, π), with x(0) = x(π) = 0. This time the problem we face is

d2

dt2
(x′′ + x− sin t) + (x′′ + x− sin t) = 0 in (0, π)

with boundary conditions

x(0) = x(π) = 0, x′′ + x− sin t|t=0,π = 0.
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The problem for y = x′′ + x− sin t this time is

y′′ + y = 0 in (0, π), y(0) = y(π) = 0,

so that this does not necesarily imply that y ≡ 0. Instead, we turn to the fourth-order
equation above, and deduce that x must be a solution of the problem

x′′′′ + 2x′′ + x = 0 in (0, π), x(0) = x(π) = x′′(0) = x′′(π) = 0.

After some elementary computations, we conclude that the only solutions are x(t) = b sin t,
but then y = x′′ + x− sin t cannot be zero. This implies that the only critical points of the
error functional

I(x) =
∫ π

0

1
2
|x′′ + x− sin t|2

are multiples of sin t, but then the error cannot vanish. There are no solutions.
(3) x′′(t)−x(t)3 = 0 in (0, π). Here we can apply Proposition 2.3, so that there are solutions for

arbitrary boundary values on the end-points. Note that Fq ≡ 1, FxFq+(1/4)F 2
p = −3x2 ≤ 0,

and (2.4) becomes

(F )′′ − 3x2F = 0 in (0, T ), F (0) = F (T ) = 0.

If x ≡ 0, then F ≡ 0. If x is not identically zero, then Proposition 2.3 implies that F ≡ 0 as
well.

(4) x′′(t) + x(t)3 = 0 in (0, π), with x(0) = x(π) = 0. Obviously, x ≡ 0 is a solution, but this
time we cannot be sure if critical points of the error are always solutions.

The previous results are a bit too rigid to apply to specific examples. It is not even clear if we
are going to find solutions a priori due to the issue of the boundedness of the derivatives at zero.
However, our approach allows for much more flexibility from a practical viewpoint.

Lemma 2.5. Suppose that the sequence of admissible paths {xj} is uniformly bounded in A, and
E(xj) ↘ 0 as j →∞. If the dependence

q 7→ |F (t, x, p, q)|2

is strictly convex, then problem (1.1) admits solutions, and, for some subsequence xj → x strong in
A.

Notice that if x is a weak-accumulation point of {xj}, since the error is weak lower semicontinuous,
under the convexity assumed, we conclude that E(x) = 0, and x is a solution. In addition, the strict
convexity of the error discards weak convergence that is not strong. This is standard. In the next
section, we will show that by using a typical steepest descent procedure, we can produce good
approximations to the solutions, provided that the error decreases to zero, and the succesive iterates
stay uniformly bounded in A. Note that, from a practical perspective, this is something checkable
as the iterative scheme proceeds.

The following fact also stresses the importance of the derivative at zero.

Lemma 2.6. Assume that F (t, x, p, q) is a Carathéodory integrand as above such that

|F (t, x, p, q)| ≥ C|q| − ψ(t, x, p),

|F (t, x1 − x2, p1 − p2, q1 − q2)| ≤ C(|F (t, x1, p1, q1)|+ |F (t, x2, p2, q2)|+ |x1 − x2|+ |p1 − p2|),

for some positive constant C, and a uniformly Lipschitz function ψ in (x, p). Then if x, y are two
admissible functions, we have

‖x− y‖H2(0,T ) ≤ K(|x′(0)− y′(0)|+ E(x) + E(y)),

for some constant K depending on C, T , xT , x0, and the function ψ. In particular, if x is a solution

‖x− y‖H2(0,T ) ≤ K(|x′(0)− y′(0)|+ E(y)),
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for every y ∈ A.

The proof is exactly the same as the first part in the proof of Proposition 2.1, applied to the
difference z = x− y instead of x. These same difficulties prevent from giving error estimates based
only on the smallness of the error as this would imply uniqueness of solution. This cannot be the
case for problems without uniqueness. See example (4) above ([5]). This trouble is somehow related
to a lack of Gromwall’s inequality for second derivatives. In particular, a non-negative function z

for which we have the information z′′ ≤ Cz and z(0) = z(T ) = 0 does not have to vanish identically,
but it does if z(0) = z′(0) = 0.

3. Optimality and numerical implementation

The derivative of the error functional E at a given x in the direction of an admissible variation y
complying with y(0) = y(T ) = 0 is given by the expression∫ T

0

[
F (t)F x(t)y(t) + F (t)F p(t)y′(t) + F (t)F q(t)y′′(t)

]
dt,

where as before F (t) = F (t, x(t), x′(t), x′′(t)) and the same for the partial derivatives. We determine
the steepest descent direction y by minimizing the cost (in y)∫ T

0

[
1
2
|F (t)F q(t) + y′′(t)|2 + F (t)F p(t)y′(t) + F (t)F x(t)y(t)

]
dt.

The optimal solution of this problem is the solution of

d2

dt2
[
F (t)F q(t) + y′′(t)

]
− d

dt
F (t)F p(t) + F (t)F x(t) = 0

in (0, T ) under the boundary conditions y(0) = y(T ) = 0 together with the transversality constraints

F (0)F q(0) + y′′(0) = F (T )F q(T ) + y′′(T ) = 0.

The solution of this problem can be written down in closed form in a elementary, though somewhat
tedious, way. It is given by

y(t) =
∫ t

0

(t− s)3

6
G(s) ds− t3

6T

∫ T

0

(T − s)G(s) ds

+
tT

6

∫ T

0

(T − s)G(s) ds− t

T

∫ T

0

(T − s)3

6
G(s) ds

+
t

T

∫ T

0

(T − s)H(s) ds−
∫ t

0

(t− s)H(s) ds,

where

H(s) =F (s, x(s), x′(s), x′′(s))Fq(s, x(s), x′(s), x′′(s)),

G(s) =
d

ds
(F (s, x(s), x′(s), x′′(s))Fp(s, x(s), x′(s), x′′(s)))

− F (s, x(s), x′(s), x′′(s))Fx(s, x(s), x′(s), x′′(s)).

The local rate of change of the error at the given path x when we move in the direction given by
this y can be easily computed.

For the particular, linear case in which we have

F (t, x, p, q) = q + g(t)p+ h(t)x+ z(t),

the optimal descent direction is given by the formula above with

H(s) = x′′(s) + g(s)x′(s) + h(s)x(s) + z(s), G(s) =
d

ds
(H(s)g(s))−H(s)h(s).
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An iterative numerical procedure is easily implementable based on the computation of the steepest
descent direction y above. Namely

(1) Initialization. Take

x0(t) =
xT − x0

T
t+ x0.

(2) Computation of discrete steepest descent. Suppose we know the nodal values of x(j)(t) in
a given mesh ti, i = 1, 2, . . . , N + 1 distributed in (0, T ). For instance, ti = (i − 1)T/N .
Compute the nodal values of the steepest descent direction y(j) given by the formula above,
by making use only of the known nodal values x(j)

i = x(j)(ti). This can be done through
the use of quadrature formulae for integrals and finite differences for derivatives. Let y(j)

i be
such optimal nodal values.

(3) Update. Change x(j) to x(j+1) by using the update formula x(j+1)
i = x

(j)
i + εjy

(j)
i for some

small εj so that the error I(xj+1) decreases in a certain amount with respect to I(x(j)).
Iterate 2 and 3, until convergence.

The real implementation requires the tuning and control of various parameters, but this is something
that does not demand any particular expertise, as the underlying minimization principle is something
very well established.

4. Examples

We consider a number of examples to illustrate in practice the performance of our scheme. We
provide for each example the error for a different number of equidistributed subdivisions of the
interval. By taking as reference the error for the crudest subdivision, we rescale the error for the
finer ones, in order to have a quantitative measure on the effect of the refinement of the mesh. The
finest approximation is also drawn in a figure to see the profile of the solution. We have used single
precision in all cases.

(1) Consider the linear problem

x′′(t) + 400(s− 1
4
)(s− 3

4
)2x′(t) + 10(s− 1

2
)2x(t) = 0 in (0, 1), x(0) = 0, x(1) = 1.

For this problem the numerical results are

Number of subintervals Ratio of errors
10 1.
20 0.453924
50 0.172172
100 8.13E-02
500 8.86E-03
1000 8.89E-06

The profile of the solution for the finest mesh (1000 equidistributed nodes) is
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-0,08 0 0,08 0,16 0,24 0,32 0,4 0,48 0,56 0,64 0,72 0,8 0,88 0,96 1,04

0,25

0,5

0,75

1

Figure 1.

(2) For the linear problem

x′′(t) + (2t− 1)x′(t) + (1 +
1
4
(t− π)2)x(t) = 0 in (0, 2π), x(0) = x(2π) = 1,

we consider a much larger interval, and yet the scheme performs well. This is the comparison
table for the errors

Number of subintervals Ratio of errors
10 1.
20 0.290778
50 9.89E-02
100 4.61E-02
500 4.94E-03
1000 3.14E-06

The profile of the approximated solution is

0 0,5 1 1,5 2 2,5 3 3,5 4 4,5 5 5,5 6 6,5 7

0,8

1,6

2,4

3,2

4

4,8

5,6

6,4

7,2

Figure 2.

(3) The procedure performs also very well with highly oscillating situations like

x′′(t)− f ′(t)
f(t)

x′(t) + f(t)x(t) = 0 in (0, 2π), x(0) = x(2π) = 1, f(t) = 1 +
1
2

sin(16t).
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This is the table for the comparison of the errors

Number of subintervals Ratio of errors
50 1.
100 0.439782
200 0.191800
500 4.73E-02
1000 9.24E-05

and this is the computed solution

0 0,4 0,8 1,2 1,6 2 2,4 2,8 3,2 3,6 4 4,4 4,8 5,2 5,6 6 6,4

-0,8

-0,4

0,4

0,8

1,2

Figure 3.

(4) Finally, let us consider the non-linear, second-order problem taken from [2]

x′′(t) + ex(t) = 0 in (0, 1), x(0) = x(1) = 0.

The values for the errors are

Number of subintervals Ratio of errors
10 1.
20 0.514701
50 0.204487
100 9.77E-02
500 1.09E-02
1000 3.4E-06

This is the solution

-0,1 0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1 1,1

-0,08

0,08

0,16

0,24

Figure 4.
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