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Resumen

The Total Variation minimization model has been used in many applications re-
lated to image processing. It was introduced as a PDE-based algorithm for edge-
preserving noise removal by Rudin, Osher and Fatemi [24]. The associated Euler-
Lagrange equation includes the highly nonlinear term V - (|§Z| ). The main difficulty
in the numerical approximation of these equations is the “linearization.°f this term.
In this paper some approximation procedures are studied. The motivation of our ap-
proaches are based on both theoretical and practical aspects. Our models are closely
related with a linearization proposed in [6]. We propose some changes in the approxi-
mation procedure that enable us to prove a strong convergence result in H'. Finally,
some numerical improvements, working in BV, are also presented.

1. Introduction

In the last two decades many authors have introduced and analyzed certain tools for the
image denoising problem. The standard wavelet thresholding techniques, including linear
(i.e. truncating the high frequency coefficients) and nonlinear thresholdings (i.e. retaining
large wavelet coefficients), such as hard, soft wavelet thresholding, wavelet shrinkage, are
well understood and have been widely used. These techniques are related to the following
variational problem:

Given a positive parameter A, and a noisy image f(x,y), find a function u* that min-
imizes, over all possible functions u in a given space Y, the functional

1f = ullZe gy + 27 fully
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where
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measures the mean-square error between f and u and || - ||y is the norm in a smoothness
space Y.

These techniques involve inter-resolution linear operators. The efficiency of these de-
compositions is generally limited by the presence of edges. It is well known that wavelet
thresholdings may generate oscillations near discontinuities (the well-known Gibbs’ phe-
nomenon). Many methods have been proposed to reduce the severity of this problem.
Alternatives using directly nonlinear operators can be found in [1]-[2]-[4]-[12]-[14]-[17]-[25].

In this paper, we focus our attention in alternatives which use Partial Differential
Equation (PDE) techniques, specifically PDEs derived from variational principles, to re-
duce the oscillations near discontinuities. A particularly popular technique is the Total
Variation (TV) restoration method, introduced by Rudin, Osher and Fatemi in [24]. The
TV norm does not penalize discontinuities in u, and thus allows us to recover the edges of
the original image.

The associated Euler-Lagrange equations are elliptic highly nonlinear. These equations,
with Neumann’s boundary conditions for u, are

Vu
-V (=) +Mu— = 0,
(ga) + A=)
1
o [(u=prde— 12t = o
2" Ja
where the positive parameter A determines the relative importance of the smoothness of
u and the quality of the approximation to the given signal f.
If there is not a good estimate of the variance of the noise, then we may consider the

unconstrained optimization problem, and the Euler-Lagrange equation becomes

V. (’gz‘) A= f)=0. (1)

We refer to equation (1) as the nonlinear TV model. The classical linear model is
governed by
—Au+ Au - ) =0, (2)

that comes from the Euler-Lagrange equation of the corresponding unconstrained problem
with the norm HVUH%Q(Q).

In [24], the solution of this equation was originally obtained as the steady state solution
of the related parabolic time dependent equation. Because of stability constraints, this
algorithm can be slowly convergent. To improve the convergence behavior, Vogel and
Oman proposed in [9]-[27] the use of a linearization technique for this nonlinear equation.
This idea is quite commonly used in many PDE applications. Other numerical approaches
can be found in [8]-[10]-[18]. For a review on the topic, see for instance [7]-[11].

In recent years, a different variational framework has been studied [16]-[19]-[20]-[26].
It is based in the decomposition of an image f into u + v, with u a piecewise-smooth or
cartoon component, and v an oscillatory component (texture or noise). Such new models
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separate better geometric structures from oscillatory ones, but it is difficult to handle them
in practice [13]-[15].

After we thought about the approximation procedure we describe here, inspired by
material in [21], we discover that very similar ideas had been previously pursued by A.
Chambolle and P.L. Lions in [6]. In the present paper, we propose and analyze such a
procedure to approximate the Euler-Lagrange equations of the TV denoising model. We
have set to ourselves two aims. First to propose a simple PDE-type procedure for the
denoising problem; and, secondly, only use the TV-norm in regions near discontinuities.
In the oscillatory regions our approach mimics the linear denosing model associated with
the norm ||Vul[2,.

Our main result in this context is the strong convergence of a certain approximation
sequence. This makes use of interesting ideas developed in [22].

2. The proposed regularization of the TV-model

Roughly speaking, the TV-model tries to solve the variational problem
Minimize in u : / [[Vu(z)| + Mu — f)?] dz
Q

where f is the original image. There are three main important issues which make the
analysis of this problem really hard:

1. the lack of smoothness at the origin;
2. the lack of strict convexity;
3. the linear growth at infinity.

And yet, (some of) these ingredients are essential to the good performance of the model.
So we would like to propose an approximation scheme to the problem that may retain
these main aspects but at the same time, it could be easily implementable in practice.

The first issue above can be easily overcome by “rounded off.? bit the corner at zero.
That is no problem. Indeed, we will replace the TV-term |u| by

L| 2
%, | <€,
@6(”) = 2e

] —€/2, €< |pl

This term will cause a filtering behavior of small frequencies which will be very beneficial
in practice.

The lack of strict convexity is more important. For this we follow here the strategy
described in [21] where one expresses a certain density with problems of lack of convexity
or strict convexity through a minimum of strictly convex functions, ideally, quadratics.
This is easily done in our setting because

1
@e(p) = min[—|p — p|> + |p]].
p 2€
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For fixed p, the optimal p is precisely given by the (thresholding) formula

I RLES
p:{( Z

0, lul <e

Finally, the linear growth at infinity can also be avoided replacing ¢, by

= |ul?, lul <e,
e (i) = 9 |1l —€/2, e<|pl <M +e
L (lul =M+ M, M+e<|ul,

for M large. The linear behavior is kept until size M. From a practical point of view, this
is fine as we will not destroy edges in the image with a jump less than a finite but large
size M. Notice that

o] 2
€ = min |—|pu — + ,
em(u) = min [l = pl” + o]

and the thresholding formula now becomes

0, Al <,
p(N) = (1-@)% e <N <M+e
M

75, M+e<|A

Our main result focuses on proving existence of a solution for the Euler Lagrange problem
associated with the variational problem

Minimize in v € HY(Q) : / (et (Vu(2)) + Mu(z) — f(z))?] dz,
Q

through an approximation scheme that proceeds in each step by calculating the solution
of a standard well-posed quadratic problem, and applying the above thresholding formula.
Inspired by these formal observations, we propose an iterative procedure as follows.
Let u* be a certain “good”, smooth approximation to our image f. We assume that it
has associated a certain field p* : @ — R2?, which in some sense is a measure of the “details-
ecorded in ©*. From this pair (uk, ok ), we find a new iterate by solving the diffusion problem

1
—Zdiv(VuF T — %) + AW — f) = 0in Q,
€
(VuFt — pF).n = 0 on 09,

and then applying the thresholding mechanism

k+1 M

— v k+1
(Vb1 u

if [Vubtt > M +e,
k41 o € k41
7= (1 )
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if € < |VuFTl| < M + ¢, and put p** = 0 if [Vu*+!| < e. As initialization take any p°
with the maximum L°°-norm equal to M.

In regions near singularities the equation mimics the Euler-Lagrange equation (1) up to
size M associated with the nonlinear TV-model. In regions, where only texture is important
the equation mimics the equation (2) associated with the linear model. Moreover, in both
cases we have to solve only a simple, standard Helmholtz’s equation in each iteration.

2.1. Strong convergence in H'!(Q)

Consider the density

2l€|'u|2’ |/J’| <k,
e (i) = 9 |l —€/2, e<|ul <M +e,
L (lul =M+ M, M+e<|ul,

and the corresponding variational problem for the image f

Minimize in u € H(€) / oo (Vu()) + %|u(x) ~ f2)?] da. (3)
Q

Notice that ¢¢ ys is C1, coercive (quadratic growth), and convex, although it is not strictly
convex. Typical variational techniques allow to have the following.

Lemma 1 There is at least one minimizer u € H(Q) which is a weak solution of the
problem

—div (Ve (Vu(z))) + Mu(x) — f(z)) =0 in Q, Veer(Vu(z)) -n=0 on0Q, (4)
where n is the outer, unit normal to OS).

Our main theoretical result is the following.

Theorem 1 The sequence {uk} constructed recursively in the previous section converges
strongly in H*(Q) to a weak solution u of (4), and hence to a minimizer of (5).

The main ingredient to claim such strong convergence is a certain compactness property
([22], [23]) of the operator T taking u € H'(2) into the solution v of the problem

—%diV(Vv —p(Vu)+A(v—f) = 0inQ,
(Vo —p(Vu))-n = 0on 09,

where p()) is the thresholding operator defined above.

3. Numerical results

The introduced regularization has the same numerical properties as the original lin-
earization proposed in [6].
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In order to improve the denoising properties we propose in this section the following
new approach:

Minimize in u € BV/(9) : /Q o (Vu(z)) + %]u(m) ~ f(2)]?] da. (5)
where

_ Lef ’VU(Z‘)P, |Vu(x)| <e¢
/Q%(vu(x)) B {;V?u) —€/2|Q|, otherwise.

In picture 1, we consider a step function perturbed by noise. We can see the advantage
of using this new Total Variation minimization model.

Figura 1: Left BV-minimization, right H'-minimization. Noise level = 0.3

Finally, we consider an image in 2-d and we present a comparison with the original
linear scheme.

Figura 2: Left, BV-minimization, right, Linear model. Noise level = 15
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