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Resumen

We consider the finite element solution of the stream function and vorticity formu-
lation for a large-scale ocean circulation model. We propose an a porteriori estimator
to reduce the spurious oscillations and poor resolution which arise when convective
terms are dominant. We proof the equivalence, up to higher order terms, between the
error and a residual type error estimator. We present several numerical experiments
confirming the theoretical properties of the estimator, and illustrating the capability of
the corresponding adaptive algorithm to localize the singularities and the large stress
regions of the solution.

1. Large scale ocean circulation model

Let us consider the steady-state linear quasi-geostrophic ocean model [3, 9] described
by the following equations:





−AH∆u + γu + (f0 + βx2) k ∧ u +
1
ρ0
∇p = τ in Ω× (0, T ),

div u = 0 in Ω and u = 0 on Γ,

where u = (u1, u2) and p are the velocity and the pressure of the fluid at x = (x1, x2) ∈ R2.
In this model, AH represents the horizontal eddy viscosity coefficient, γ is the bottom
friction coefficient, ρ0 is the fluid density, τ is the wind stress, and (f0 + βx2)k ∧ u is
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the Coriolis term, with k∧ u = (−u2, u1). We have used the β-plane approximation, with
β = 2Ω0R

−1 cos θ̃0, where Ω0 and R are the angular velocity and radius of the Earth,
respectively, and θ̃0 a reference latitude. This model describes large-scale horizontal ocean
dynamics.

Introducing the stream function and the vorticity, we obtain the following problem
(see [4] for details): Find (ω, φ) ∈ H1(Ω)× Φ satisfying:

εm(curlω, curlφ)[L2(Ω)]2 +εs(ω, φ)L2(Ω)−
(

∂ψ

∂x1
, φ

)

L2(Ω)

= (τ , curlφ)[L2(Ω)]2 ∀φ ∈ Φ, (1)
(ω, µ)L2(Ω) − (curlψ, curlµ)[L2(Ω)]2 = 0 ∀µ ∈ H1(Ω), (2)

where the coefficients εs and εm are the non-dimensional Stommel and Munk numbers,
respectively:

εm =
AH

βL3
, εs =

γ

βL
, (3)

with L a representative horizontal length scale of ocean circulation (see [3] and [9] for
typical values).

In [4], adapting the arguments of [7] to the presence of a skew-symmetric Coriolis term,
we proved the following existence and uniqueness result.

Theorem 1.1 Let Ω be either a convex polygon or such that its boundary Γ is of class
C2. Then, Problem (1) attains a unique solution (ω, ψ) ∈ H1(Ω)× Φ.

Let us now describe the finite element scheme. To this end, let {Th}h>0 be a regular
family of triangulations of Ω̄ by triangles T of diameter hT and define, as usual, h :=
máx{hT : T ∈ Th }. Given an integer l ≥ 1 and a subset S of R2, we denote by Pl(S) the
space of polynomials in two variables defined on S of total degree at most l, and for each
T ∈ Th we define the space of continuous piecewise functions

Mh := {vh ∈ C(Ω) : vh|T ∈ Pl(T ) ∀T ∈ Th} ,

and
Φh := Mh ∩ Φ .

The corresponding Galerkin scheme is: Find (ωh, φh) ∈ Mh × Φh such that:

εm(curlωh, curlφh)[L2(Ω)]2 + εs(ωh, φh)L2(Ω) −
(

∂ψh

∂x1
, φh

)

L2(Ω)

= (τ , curlφh)[L2(Ω)]2 ∀φh ∈ Φh,

(ωh, µh)L2(Ω) − (curlψh, curlµh)[L2(Ω)]2 = 0 ∀µh ∈ Mh.

(4)

Here, we just mention that the proof of the well posedness of (4) as well as the corre-
sponding a priori error estimates, follows the arguments developed in [7] for the Stokes
problem. For the sake of completeness, we included the next theorem, which establishes
the a priori error estimates for the mixed scheme.
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Theorem 1.2 Assume that the solution of continuous problem (ω, ψ) ∈ Hs(Ω)×Hs+1(Ω),
for 1 ≤ s ≤ l. Then the discrete scheme (4) attains a unique solution (ωh, ψh) ∈ Mh×Φh,
and if l > 1, there holds

‖ω − ωh‖L2(Ω) + |ψ − ψh|H1(Ω) ≤ chs−1(‖ω‖Hs(Ω) + ‖ψ‖Hs+1(Ω))

In addition, when l = 1 and ψ ∈ H3(Ω), then, for all ε > 0

|ψ − ψh|H1(Ω) ≤ C(ε)h1−ε‖ψ‖H3(Ω) ,

and
‖ω − ωh‖L2(Ω) ≤ C(ε)h1/2−ε‖ψ‖H3(Ω) .

Proof: See Theorem 4 in [4].

2. A posteriori error analysis

In this section, we use a duality technique and derive a reliable and efficient residual-
based a posteriori error estimate for the stream function and vorticity formulation of the
Stokes problem. Let us first introduce some notations. Given T ∈ Th, we denote by E(T )
the set of its edges, and by Eh the set of all edges of the triangulation Th. Then we can
write Eh = Eh(Ω)∪Eh(Γ), where Eh(Ω) := {e ∈ Eh : e ⊆ Ω}, Eh(Γ) := {e ∈ Eh : e ⊆ Γ}.
In what follows, hT and he stand for the diameters of triangle T ∈ Th and edge e ∈ Eh,
respectively. Also, given a vector valued function v := (v1, v2)T defined in Ω, an edge
e ∈ E(T )∩Eh(Ω), and the unit outward normal vector νT along e, we let J [v ·νT ] be the
corresponding jump across e, that is J [v · νT ] := (vT − vT ′)|e · νT , where T ′ is the other
triangle of Th having e as edge.

The following theorem is the main result of the present section.

Theorem 2.1 Let (ω, ψ) ∈ H1(Ω) × Φ and (ωh, ψh) ∈ Mh × Φh be the unique solution
of continuous and discrete formulation (1) and (4), respectively. Assume that the data
τ ∈ [H1(Ω)]2. Then there exist Ceff, Crel > 0, independent of h, such that

‖(ω − ωh, ψ − ψh)‖2
L2(Ω)×H1

0 (Ω) ≤ Crel

∑

T∈Th

η2
T ,

and

Ceffη
2
T ≤ ‖(ω − ωh, ψ − ψh)‖2

L2(∆(T ))×H1
0 (∆(T ))

+ h2
T ‖τ − τ h‖[L2(T )]2

+ h4
T ‖ curl(τ − τ h)‖L2(T ),

where for any T ∈ Th we define

η2
T := h4

T ‖εm∆ωh − εsωh + ∂ψh
∂x1

+ curl τ‖2
L2(T ) + h2

T ‖ωh + ∆ψh‖2
L2(T ) (5)

+
∑

e∈E(T )∩Eh
he‖J [∇(ψh) · νT ]‖2

L2(e)+
∑

e∈E(T )∩Eh(Ω) h3
e‖J [∇(ωh) · νT ]‖2

L2(e) . (6)

and τ h denotes a suitable approximation of τ .
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In order to proof Theorem 2.1, we extended the arguments of [2] to the quasi-geostrophic
oecan model. Our approach is based on the introduction of a dual problem technique, we
deduce practically the same error indicator developed in [1] for the Stokes system. It only
differs in appropriate mesh-size factors, which, under appropriate assumptions, allow us
to prove efficiency in natural norms. In this sense, it can be seen as an extension of the
applicability of the error indicator developed in [1] to the standard stream function and
vorticity formulation.

3. Numerical Experiments

In this section we present some numerical examples which confirm the reliability and
efficiency of our a posteriori estimator, which exhibits an optimal convergence rate. The
experiments have been performed with the finite element toolbox ALBERTA using refine-
ment by recursive bisection [10], and the solution of the corresponding discrete system has
been computed using SuperLU library [5].

We propose the following standard adaptive finite element method (AFEM)

SOLVE → ESTIMATE → MARK → REFINE.

Hereafter, we replace the subscript h by k, where k is the counter of the adaptive loop,
and define hk := máx{hT : T ∈ Tk}. Then, given a mesh Tk, the procedure SOLVE is an
efficient direct solver for computing the discrete solution (ωk, ψk), ESTIMATE calculates
the error indicators, ηk(T ) for all T ∈ Tk depending on the computed solution and data.
Based on the values of {ηk(T )}T∈Tk

, the MARK procedure generates a set of marked
elements subject to refinement. For the elements selection, we rely on Dörfler marking [6]:
Fixed a marking parameter θ ∈ (0, 1], the procedure MARK outputs a subset of marked
elements Mk ⊂ Tk, ie. such that Mk satisfies Dörfler’s property

η2
k(Mk) ≥ θ2 η2

k(Tk). (7)

The idea is to select subsets of the triangulation Tk whose element contributions sum up
to a fixed amount of the total. In practice, the subsets are chosen as small as possible by
collecting the biggest values in order to only introduce a small number of new degrees of
freedom (DOF) in the next mesh.

Finally, the procedure REFINE creates a conforming refinement Tk+1 of Tk, bisecting b
times at least, all the elements of marked set Mk.

For our experiments we have taken the usual values for θ and b, that is θ = 0,6 and b
= 2 (see [10, 8]) and we use non-structured meshes.

In the first experiment, we will compare the performance of a finite element method
based on uniform refinement (FEM) with the adaptive method (AFEM) that we have
described before for the Stokes problem. As commented in Section 1, the a priori error
estimate for the stream function and vorticity formulation on quasi-uniform meshes, is of
order O(hl−1) (where l denotes the degree) for l > 1, and of order O(h1/2) if l = 1 and ψ
has some extra regularity, i.e.

Total Error := |ψ − ψk|H1(Ω) + ‖ω − ωk‖L2(Ω) ≤
{

C(ψ, ω)hl−1
k , l > 1

C(ψ, ω)h1/2
k l = 1.

(8)
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Note that, this result is only for uniform refinement. In order to compare uniform and
adaptive meshes, we introduce the empirical order of convergence for the Total Error in
step k as,

EOCk = 2
log (Total Errork−1/Total Errork)

log(DOFsk/DOFsk−1)
,

where DOFsk denotes the number of degrees of freedom in mesh Tk. Respectively, EOCk(ψ)
and EOCk(ω) can also be defined, with their corresponding norms. It is easy to check,
that if the order of the method on quasi-uniform meshes is O(hl−1), then EOCk = l − 1.
We also analyze the decay of the Total Error (or estimator) in terms of DOFs. Note that
in quasi-uniform meshes and two dimensions, we have #DOFs−1/2 ≈ h.

3.1. Example 1: Stokes Problem

We consider the following Stokes problem with a known solution on a convex domain
(for the a posteriori analysis see [2]):

ν(curlω, curlφ)[L2(Ω)]2 = (f , curlφ)[L2(Ω)]2 ∀φ ∈ Φ, (9)

(ω, µ)L2(Ω) − (curlψ, curlµ)[L2(Ω)]2 = 0 ∀µ ∈ H1(Ω). (10)

Let Ω = [0, 1]2, ν = 1, and a right hand side such that the exact solution (ψ, ω) is:

ψ =
(
(1− x) (1− e−20x) sinπy

)2
, ω = −∆ψ.

In Fig. 1, we show the initial mesh (left) and the meshes obtained by the AFEM in
two different iterations for piecewise linear elements. It is clear that our method localizes
the boundary layer and concentrates the refinement in this region.

In Fig. 2 we report a comparison between uniform and adaptive refinement. In this
example, the improvement of the AFEM for P2 is more pronunciate. For degreel l bigger
than one, while the EOC of FEM looks stabilized at l − 1, the AFEM presents optimal
order: Total Error ∼DOFs−l/2. In the case of piecewise linear element, the AFEM has a
better behaviour in the first steps, because the boundary layer is quickly localized, however
asymptotically the result is exactly the same.

Figura 1: Example 2. Meshes generated by AFEM with piecewise linear elements: left-
Initial mesh, center -20th iteration (455 DOFs), right-60th iteration (4343 DOFs).
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Figura 2: Example 2. Decay of the total error and estimator vs DOFs for uniform and
adaptive refinement, and elements of degrees 1 and 2.

3.2. Quasi-geostrophic ocean model

The goal of our experiment is to apply the AFEM to a large-scale ocean model where
a typical phenomenon is the formation of the Western boundary currents. Because of this,
adaptive strategies are useful for the numerical solution of the quasi-geostrophic model.

In this example, we consider the solution of (4), with realistic values for the Munk and
Stommel numbers (see [9]):

εm = 6× 10−5 εs = 0,05,

which correspond to

γ = 7× 10−6s−1, AH = 1,2× 103m2s−1, L = 106m, D0 = 800m.

For the wind stress, we use (see also [9]):

τ =
(
− 1

π
cosπx, 0

)
.

We consider two different domains. The fist one is the unit square, and the second
one is L-shaped domains. Figs. 4 and 5 show an intermediate mesh and the corresponding
stream lines solution obtained for piecewise linear elements, for convex and non convex
respectively.

In this case there is no analytical solution available. However, Fig. 3 shows that the
estimated errors attain an optimal convergence rate. Let us remark that although our
theory does not cover the non convex domain, the proposed AFEM behaves as well as for
the convex one.
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Figura 3: Decay of the estimator vs DOFs for piecewise linear functions.

Figura 4: Mesh and stream function obtained by AFEM with piecewise linear elements in
the 50th iteration (2454 DOFs)
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