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The Spectral Smoothed Boundary Method (SSBM) is a recently p roposed numerical method
to approximate the solution of partial di�erential equatio ns in irregular domains with no-
ux
boundary conditions by means of Fourier spectral methods. I n this paper we explore the robust-
ness and accuracy of the scheme under variations of the arti�cial boundary conditions which
must be imposed on the boundary of the enlarged domain in which the problem is solved. As
a test model, we present quantitative numerical results based on a problem of propagation of
waves of electrical activity in cardiac tissue for which the method is relevant. c
 2005 John
Wiley & Sons, Inc.
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I. INTRODUCTION

Among the most frequently used methods for the discretization of the spatial variables
in partial di�erential equations, spectral methods [1, 2] are widely known to provide
very accurate approximations of su�ciently smooth solutio ns, and their use has become
widespread over the years in �elds such as 
uid dynamics, quantum mechanics, heat con-
duction and weather prediction [3{5]. However, the biggestlimitation of these methods
is that the geometry of the domain in which the problem is to besolved must be simple
enough to allow the use of an appropriate orthonormal basis in which to expand the full
set of possible solutions to the problem. This inability to handle irregularly shaped do-
mains is the main reason why spectral methods have had limited use in many engineering
problems, where �nite-element methods are preferred because of their 
exibility to de-
scribe complex geometries despite the computational costsassociated with constructing
an appropriate solution grid.

One of the ways to overcome this problem and avoid the gridding and the complexity
coming from the irregularity of the domain is to use so-called domain embedding methods.
The idea of these methods is to approximate the solution to the original problem by the
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solution of an auxiliary problem in a �ctitious domain 
 0 in which the irregular geometry
is embedded [6{11]. This transformation of geometries allows the application of direct
fast solvers on the regular domain, but the imposition of theboundary conditions over
the irregular boundary @
 is often di�cult.

In [12] we have presented a domain embedding method for approximating the solution
of partial di�erential equations in irregular domains with no-
ux boundary conditions.
This method, called the Smoothed Boundary Method(and respectively its implemen-
tation using spectral methods, the Spectral Smoothed Boundary Method), is based on
rewriting the original partial di�erential equation in a si mple form which automatically
incorporates the no-
ux boundary conditions over the irregular domain. This formu-
lation also makes the problem suitable for e�cient solution using fast solvers such as
those based on Fast Fourier Transforms (FFT) [13]. The resulting auxiliary problem
can be solved imposing any type of boundary conditions on theextended boundary, but
retaining the same solution inside of the irregular domain of interest. The purpose of this
paper is to study the e�ect of the use of di�erent boundary conditions and to provide
speci�c recommendations supported by our analysis, thus presenting further information
on the accuracy and practical implementation of the new method.

The rest of the paper is organized as follows. In Sec. II. the Smoothed Boundary
Method and a short demonstration of its convergence are presented. Sec. III. deals with
the issue of how to rewrite the auxiliary problem to make it suitable for its computational
resolution, and a numerical implementation of the method with three di�erent types of
external boundary conditions, all of them by means of Fourier spectral methods, is given.
In Sec. IV. we apply the above-mentioned method to a problem of interest, the propaga-
tion of waves of electrical activity in cardiac tissue, a complex problem characterized for
the irregular geometry of the heart and the presence of sharpgradients in its solution.
Finally, the main results of our work are summarized in Sec. V.

II. THE SMOOTHED BOUNDARY METHOD

Here we brie
y summarize the main properties of the SmoothedBoundary Method
(SBM). Although here we will discuss the method using a general reaction-di�usion
problem, the same ideas can be applied to other types of partial di�erential equations.
Our test model is then of the form

@t uj = r (D ( j ) r uj ) + f (u1; :::; uN ; t) (2.1a)

for N unknown real functions uj de�ned on an irregular domain 
 � Rn , where n is
the spatial dimensionality of the problem, together with appropriate initial conditions
uj (x; 0) = uj 0(x) and subject to Neumann boundary conditions

~n � D ( j ) r uj = 0 (2.1b)

on @
, where D ( j ) (x) is a family of n � n matrices that may depend on the spatial
variables.

Instead of directly discretizing Eq. (2.1a) the SBM relies on considering the following
auxiliary problem

@t (� ( � ) u( � )
j ) = r (� ( � ) D ( j ) r u( � )

j ) + � ( � ) f (u( � )
1 ; :::; u( � )

N ; t) (2.2)
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FIG. 1. Left: Example of a one-dimensional characteristic f unction � 
 (with value 0 or 1)
and a possible smoothing � ( � ) . Adimensional units are used in this example. Right: Di�ere nt
smoothed functions showing that lim � ! 0 � ( � ) = � 
 . The � ( � ) functions are obtained from � 


using the technique described in Sec. III., for values of � = 0 :05, 0:025 and 0:0125 (respectively
labelled in the �gure by diamonds, circles and stars).

for the unknown functions u( � )
j on an enlarged closed regular domain 
0 � Rn satisfying

the following conditions: (i) 
 � 
 0 and (ii) @
 \ @
 0 = ; . The function � ( � ) is continuous
in 
 0 and has the value one inside of 
 while smoothly decaying to zero outside of 
,
with � controlling the width of the decay (Fig. 1). That is, if � 
 is the characteristic
function of the set 
 de�ned as

� 
 =
�

1; x 2 

0; x 2 
 0 � 


(2.3)

then � ( � ) : 
 0 ! R is a regularized approximation to � 
 such that lim � ! 0 � ( � ) = � 
 .
The main idea of the SBM is that when � ! 0 the solutions u( � )

j of Eq. (2.2) on

any domain 
 0 with arbitrary boundary conditions on @
 0 satisfy u( � )
j ! uj on 
. That

is, they tend pointwise to the solution of Eq. (2.1a) while automatically incorporating
the boundary conditions (2.1b). To see why, �rst realize that inside of the domain the
statement is immediate since� ( � ) = 1 in 
, so the auxiliary problem exactly reduces to
Eq. (2.1a). Next, to understand the behavior of the solution at the boundary of the
irregular domain, let us consider for simplicity the one-dimensional case (Fig 1, right).
In this situation, the auxiliary problem can be written as

@x (� ( � ) D ( j ) @x u( � )
j ) = @t (� ( � ) u( � )

j ) � � ( � ) f (u( � )
1 ; :::; u( � )

N ; t) (2.4)

and then the integration over the boundary yields

D ( j ) @x u( � )
j

�
�
�
a� �

= �
Z a+ �

a� �

h
@t (� ( � ) u( � )

j ) � � ( � ) f (u( � )
1 ; :::; u( � )

N ; t)
i

dx (2.5)

since � (a � � ) � 1 and � (a + � ) � 0. Assuming that both the solution and its time
derivative are bounded as� ! 0, as holds for many problems of interest described by
Eq. (2.1a) such as the formation and motion of phase boundaries [14], nonlinear chemical
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reactions [15], or the electrical properties of neural [16]and cardiac cells [17{19], among
others, one can apply the mean value theorem for integrals toget

D ( j ) @x u( � )
j

�
�
�
a

� C�: (2.6)

Thus, in the sharp interface limit � ! 0, the no-
ux boundary condition is recovered.
The former proof demonstrates that both the original unknowns uj and the new vari-

ablesu( � )
j satisfy the same partial di�erential equation inside 
 with the same boundary

conditions on @
 as � ! 0. A more rigorous proof of the pointwise convergenceu( � )
j ! uj

as � ! 0 would involve a meticulous analysis on weighted parabolicequations and it is
not within the scopes of the present work. Multiple examplesshowing this convergence
numerically can be found in [12]. Finally, notice that the order of the time derivative of
the problem does not play any role in the achievement of the no-
ux boundary condi-
tions, so as previously stated the SBM might be used to solve di�erent kinds of problems
such as wave or Poisson equations.

From what we have shown it is clear that 
 0 can be any closed region containing 
.
The idea of the smoothed boundary method is then to consider Eq. (2.2) for a small but
�nite � , and to discretize this problem instead of Eqs. (2.1a) and (2.1b) on any enlarged
domain 
 0 such that 
 � 
 0. The enlarged discrete problem can then be solved with
any proper boundary conditions on@
 0, since the ful�llment of the boundary conditions
for u on @
 is guaranteed in the limit � ! 0. Although a priori true, this assessment
can be of relevance in realistic numerical simulations, andits demonstration is the goal
of this paper.

III. NUMERICAL IMPLEMENTATION

To obtain a numerical approximation to the solution of the or iginal problem (2.1), we
will discretize Eq. (2.2) on an enlarged region 
0 chosen to be a rectangular region
containing 
. Rectangular geometries are especially useful since they can be used easily
with Cartesian coordinates and derive all their advantages, such as that mesh generation
is immediate and that di�erential operators like the Laplac ian do not present singularities
anywhere in space.

The next step is the selection of function� ( � ) . In practice, any method that produces
a smooth characteristic function can be used. In particular, our choice was to smooth
the irregular geometry using a discrete convolution with a Gaussian kernel

� ( � ) = � 
 � G( � ) + � (3.1)

G( � ) (x) =
1

(�
p

2� )n

nY

k=1

� xk � e� x 2
k =2� 2

(3.2)

where the factor
Q n

k=1 � xk =(�
p

2� )n is introduced in the kernel to generate a normalized
discrete convolution, being the � xk 's the respective spatial steps of the grid in each of its
n directions. Also notice that the machine precision� (� 2:2� 10� 16 in our case) is added
to the convolution. Numerically, the e�ect of this operatio n is of the order of the roundo�
error but it will help us to yield a di�erent formulation of th e auxiliary problem with an
easier numerical implementation. An example of the creation of a two-dimensional � ( � )
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FIG. 2. Left: Slice of ventricular tissue of a rabbit heart, 
 , embedded in an enlarged rectangular
domain, 
 0. Physical units for the size of the slice are centimeters. Right: Smoothing of the
irregular geometry by the convolution with a Gaussian kerne l of width � = 0 :025.

is demonstrated in Fig. 2, which shows the smoothing of a realistic slice of ventricular
tissue from a rabbit heart [20], geometry to be used later as the irregular domain in
which the numerical simulations will be performed.

Let us now rewrite the discrete version of Eq. (2.2) for a single unknown as

@t (� ( � ) U) = r � ( � ) � D r U + � ( � ) r (D r U) + � ( � ) f (U; t): (3.3)

in where U is the approximation to u at the points of the mesh. Note that since � ( � )

is located inside of the time derivative of the right term of Eq. (3.3), it is possible for
the integration domain itself to evolve in time, and thus thi s method could be used to
solve moving boundary problems once the evolution of� ( � ) is given. However, in this
manuscript we will only deal with stationary but irregular i ntegration domains, thus
@t � ( � ) = 0 and the left side of Eq. (3.3) can be simpli�ed as � ( � ) @t U. In this situation,
the auxiliary problem is equivalent to

@t U = r log � ( � ) � D r U + r (D r U) + f (U; t) (3.4)

since the minimum in our numerical choice of� ( � ) is � and not zero in 
 0. Equation
(3.4) is the formulation of the Smoothed Boundary Method that will be used to perform
the numerical simulations. In principle any standard numerical approximation like �nite
di�erences or �nite elements might be used to discretize thespatial derivatives. Since
we will use spectral methods for their computation, we call our PDE solver the Spectral
Smoothed Boundary Method(SSBM).

A closer look at Eq. (3.4) on the extended domain 
0 reveals that r log � ( � ) � D r U
is only non-zero in the transition of � ( � ) from 0 to 1, i.e. on the smoothed boundary.
Thus this term is responsible for automatically imposing the zero Neumann boundary
conditions required over@
. Moreover, this term does not play any role on the external
boundary conditions because it is always zero over@
 0, and then the external boundary
conditions only need to be imposed on the di�usive part of the equation. Out of the
smoothed boundary region what we have is the original reaction-di�usion equation.
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As in this paper we are only concerned with demonstrating therobustness of the
method under di�erent external boundary conditions, we wil l suppose that the whole
domain is homogeneous, so that the di�usion tensor becomes asimple constant. We can
then rewrite Eq. (3.4) as @t U = LU + N (U; t), where LU = D� U is the linear term
and N (U; t) = r log � � D r U + f (U; t) is the nonlinear part of the equation. For time
integration we use a second-order operator splitting scheme in time [21] of the form

U(t + � t) = eL � t= 2eN � t eL � t= 2U(t) (3.5)

although any other numerical scheme might be used. In the examples to be presented
later, the nonlinear term is solved by a second-order (half-step) explicit method and
the linear part is integrated exactly by exponential di�ere ntiation, which considerably
reduces the sti�ness of the problem and allows the use of larger time steps. The operator
splitting scheme can then be written as

U � = T � 1f eL � t= 2T f Uk gg (3.6a)

U �� = U � + N (U � + N (U � ; tk + � t=2) � � t=2; tk + � t) � � t (3.6b)

Uk+1 = T � 1f eL � t= 2T f U �� gg (3.6c)

denoting by T and T � 1 a direct transform and its inverse, respectively, which depend on
the selected basis that satis�es the external boundary conditions imposed on@
 0. More
speci�cally, three di�erent kinds of boundary conditions w ill be considered in this paper:
periodic, homogeneous Dirichlet and homogeneous Neumann [22].

A. Periodic boundary conditions

To impose periodic boundary conditions in a rectangular domain the natural choice is to
expand the solution to the problem into a product of trigonometric polynomials, where
the coe�cients of the expansion are easily obtained via the Discrete Fourier Transform
(DFT)

bUjk =
1

MN

M
2X

m = � M
2 +1

N
2X

n = � N
2 +1

Umn exp
�

�
i 2�mj

M

�
exp

�
�

i 2�nk
N

�
(3.7a)

and the original values of the function can be recovered by its inverse transform (IDFT)

Umn =

M
2X

j = � M
2 +1

N
2X

k= � N
2 +1

bUjk exp
�

i2�mj
M

�
exp

�
i2�nk

N

�
: (3.7b)

The main advantage of this decomposition is the possibilityof using Fast Fourier Trans-
forms (FFT) [13, 23] to compute the sums. Another relevant property is that the rep-
resentation of the solution in the basis of trigonometric polynomials also forces all the
derivatives to be periodic, and they can then be computed as the inverse transform (3.7b)
of the Fourier coe�cients of the original function (3.7a) mu ltiplied by the correct power
of the wave numbers, which is the cornerstone of the Fourier spectral methods.

B. Homogeneous Dirichlet boundary conditions

When zero boundary conditions are required to the solution of a PDE, the logical ap-
proach is to use a sine basis since all these functions vanishat the boundaries of the
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domain. The coe�cients of the expansion are then obtained by means of the Discrete
Sine Transform (DST)

bUjk = �
1

MN

M � 1X

m =1

N � 1X

n =1

Umn sin
�

�mj
M

�
sin

�
�nk
N

�
(3.8a)

and the function can be reconstructed by the inverse transform (IDST)

Umn =
M � 1X

j =1

N � 1X

k=1

bUjk sin
�

�mj
M

�
sin

�
�nk
N

�
: (3.8b)

On the contrary to what happens with the DFT, only the even derivatives can be
computed from the coe�cients of the original function (3.8a ), since computing the odd
derivatives implies the jump to a di�erent (cosine) basis. In principle, one might try to
calculate the sine coe�cients and compute the odd derivatives by means of an Inverse
Discrete Cosine Transform, but in general the coe�cients of both types of transforms are
not related. In any case, the imposition of zero value over the whole external boundary
also makes the function periodic on@
 0, so the �rst derivatives could be computed as in
the previous case using the direct and inverse discrete Fourier transforms. Mixing both
types of boundary conditions and transforms does not represent any inconvenience since
the �rst derivatives are only needed to evaluate the term r log � ( � ) � D r U, which was
previously discussed to be always zero over the external boundary.

C. Homogeneous Neumann boundary conditions

As in the case of Dirichlet boundary conditions, homogeneous Neumann boundary condi-
tions can be easily imposed in a rectangular domain by expanding the solution in cosines
instead of sines. There are also available Direct (DCT) and Inverse (IDCT) Discrete
Cosine Transforms, whose coe�cients are given by

bUjk =
1

MN

MX

m =0

00
NX

n =0

00Umn cos
�

�mj
M

�
cos

�
�nk
N

�
(3.9a)

Umn =
MX

j =0

00
NX

k=0

00bUjk cos
�

�mj
M

�
cos

�
�nk
N

�
(3.9b)

where the notation � 00 denotes a sum whose �rst and last terms are weighted by one-
half. Once more, only the even derivatives can be represented in the same basis where the
coe�cients of the original function are computed, but in thi s case the problem is more
substantial since the zero derivative boundary conditionsdo not force the function to be
periodic on the external boundaries, then preventing the use of the DFT to compute �rst
derivatives.

One alternative is to create an even expansion of the function u in both directions (as
shown in Fig. 3 for the smoothed heart slice) and compute its DFT, which is equivalent
to calculating its DCT since the expansion already forces the function to be even, thus
eliminating all the coe�cients related to the sines in the tr igonometric polynomial expan-
sion. This even expansion has the advantage of being periodic along all its boundaries,
and then all the derivatives can be calculated via the DFT andIDFT procedure, thereby
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FIG. 3. Graphical example showing the even expansion of a given function.

avoiding the problem of having to switch between di�erent bases to compute the �rst and
the second derivatives. On the other hand, this is an not an e�cient way of computing
a cosine transform since a function four times the size of theoriginal function is needed
for the even expansion.

The expansion approach can also be used to impose homogeneous Dirichlet boundary
conditions, but with an odd instead of even expansion of the function. For simplicity and
homogeneity, we will also use this methodology for imposingthese boundary conditions.

IV. PROBLEM OF STUDY AND NUMERICAL COMPARISONS

The dynamics of wave propagation in excitable media has beenstudied extensively in
regular domains. However, the complex geometry inherent tosome systems, such as
the heart, often can signi�cantly in
uence wave stability a nd dynamics [24]. This fact,
combined with the need for high-order accuracy to resolve the sharp wave fronts char-
acteristic of cardiac models, should make the SSBM a useful tool for studying electrical
waves in realistic heart geometries.

Following the notation given by Eq. (2.1a), now the term f (u1; :::; uN ; t) models the
ionic currents crossing the cellular membrane during its excitation and recovery, while
the functions u1; :::; uN describe the values of the membrane potential and the di�erent
gates involved in the cellular dynamics. Any of the ionic models in the literature could
be used to perform the numerical simulations, from the simplest ones such as the Beeler-
Reuter [17] to the more sophisticated such as the Iyeret al model [18]. Since it is not
within the scope of this paper to present an extensive description of cardiac dynamics,
we have decided to employ a phenomenological ionic cell model developed by Fenton and
Karma [19] that represents a suitable balance of computational tractability and accurate
description of the cellular electrophysiology. The equations of the model are

@t u(x; t) = r � (D r u) � Jf i (u; v) � Jso(u) � Jsi (u; w) (4.1a)

@t v(x; t) = �( uc � u)(1 � v)=� �
v (u) � �( u � uc)v=� +

v (4.1b)

@t w(x; t) = �( uc � u)(1 � w)=� �
w � �( u � uc)w=� +

w (4.1c)

Jf i (u; v) = �
v
� d

�( u � uc)(1 � u)(u � uc) (4.1d)
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Jso(u) =
u
� 0

�( uc � u) +
1
� r

�( u � uc) (4.1e)

Jsi (u; w) = �
w

2� si
(1 + tanh[ k(u � usi

c )]) (4.1f)

� �
v (u) = �( u � uv )� �

v1 + �( uv � u)� �
v2 (4.1g)

whereu is the membrane potential andv and w are ionic gate variables that control the
recovery of the cell to its rest state after excitation. Jf i ; Jso and Jsi are phenomenological
currents that macroscopically characterize the transmembrane currents of sodium, potas-
sium, and calcium ions. Finally, D is the di�usion tensor (isotropic for our simulations,
with value D = 1 cm2=s). In all these formulas, �( x) is the standard Heaviside step func-
tion de�ned by �( x) = 1 for x � 0 and �( x) = 0 for x < 0, and the set of parameters of
the model are chosen to reproduce di�erent cellular dynamics measured experimentally;
for the simulations presented in this paper, � d = 0 :25, � r = 50, � si = 44:84, � 0 = 8 :3,
� +

v = 3 :33, � �
v1 = 1000, � �

v2 = 19:6, � +
w = 667, � �

w = 11, uc = 0 :13, uv = 0 :055 and
usi

c = 0 :85, according to set \MBR" (Modi�ed Beeler-Reuter) in Ref. [ 19]. The tissue is
in rest state (initial conditions) when it is not excited ( u = 0) and the gate variables are
open (v = 1, w = 1).

As previously said, the domain of interest in which Eqs. (4.1) will be solved is the slice
of rabbit ventricles shown in Fig. 2, that is embedded in a Cartesian box of sizeL x = 3 :3
by L y = 2 :9 cms. As an excitation at time t = 0 we use a narrow Gaussian pulse of the
form u = exp( � 100((x � 1:75)2 + ( y � 0:55)2)) (see Fig. 2 for axis references). To avoid
in our analysis error contributions coming from a coarse spatial discretization or from an
excessively large time step, we solved the problem using a time step of � t = 0 :025 ms
and �ne grid with � x = � y = 8 :3 � 10� 3 (400 � 350 points). This spatial resolution
assures that the problem is correctly solved in space, sinceit is about one third of the
minimum � x that is known to provide accurate results even with lower order schemes
such as �nite di�erences. Finally, the parameter � that we used for the smoothing was
� = 0 :025.

Fig. 4 shows from up to bottom three snapshots of the propagation of the wave
of electrical activity exciting the slice of the rabbit vent ricles, at times t = 30, 100 and
160 ms. As can be seen, each column in this panel represents a di�erent type of boundary
conditions over the regular geometry in which the slice of tissue is embedded: periodic
(left column), homogeneous Neumann (column in the middle) and homogeneous Dirichlet
(right column). All these simulations have been accomplished just by using standard
Fourier methods with FFTs. To impose the Neumann/Dirichlet boundary conditions we
used the (respectively) even/odd expansion of the functionu instead of having to use
di�erent bases to compute the �rst and second derivatives. Also note that at all times
and for all the di�erent external boundary conditions the solution automatically adapts
to satisfy the no-
ux boundary conditions on @
, being the wavefronts perpendicular to
the boundaries of the domain 
 corresponding to the heart slice.

Fig. 4 also shows how the behavior of the solution outside of the tissue (i.e. in 
 0� 
)
strongly depends on the type of external boundary conditions used. However, inside
the domain 
 of interest the solution to the auxiliary proble m (2.2) is analogous for all
the simulations. On the basis of experience with excitable media governed by reaction-
di�usion equations this behavior could seem surprising forperiodic boundary conditions.
In this case one would expect that the excitation wave crossing the boundary of @
 0

could hit the region 
 after reappearing on the opposite part of 
 0. However, as shown
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-80 -70 -60 -50 -40 -30 -20 -10 0 10 20 30

FIG. 4. Numerical solutions with di�erent external boundar y conditions to the problem of
a wave of electrical activity exciting a slice of the rabbit v entricles. Voltage u in the equa-
tions is normalized from 0 to 1 and mapped to physical values by means of the lineal scaling
U = � 85 + 100u, with dark blue corresponding to the minimum and dark red to m aximum.
From up to down: di�erent snapshots of the activation sequen ce, at times t = 30, 100 and
160 ms. From left to right: numerical solutions at same times but solved with periodic, homo-
geneous Neumann or homogeneous Dirichlet boundary conditions.

in the top-left image of Fig. 4, the function � ( � ) also acts as a natural barrier for the
excitation front, thereby avoiding these possible artifacts.

Shown in Fig. 5 (middle) is the evolution on time of the L 2-norm of the di�er-
ences between the solutions computed with periodic/homogeneous Neumann (blue solid
line) and homogenous Neumann/homogenous Dirichlet (red dashed) external boundary
conditions. Note that for this class of problem and especially in this type of irregular
geometries, these di�erences are completely negligible, con�rming that any type of exter-
nal boundary conditions can be used in conjunction with the SSBM. However, the fact
that in the comparison of periodic vs. Neumann boundary conditions the di�erences are
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FIG. 5. Evolution on time of the L 2-norm of the di�erences between values of u computed with
periodic/Neumann (blue solid line) and Neumann/Dirichlet (red dashed line) external boundary
conditions on @
 0. Images in pseudo-color show the absolute values of the di�erences inside the
ventricular slice at times t = 30 and 160 ms. Di�erent scales are used in both images for a
better visualization of the di�erences between solutions.

bigger at the beginning of the excitation than in the Neumann vs. Dirichlet case can
lead to a misinterpretation of this result. These bigger di� erences are just due to the
even/odd expansions of the grid using four times the number of points of the original
mesh: since the spatial derivatives are computed more accurately, the velocity of the
wavefront is slightly bigger and thus the positions of the two steep wavefronts are also
slightly di�erent. Images in pseudo-color in Fig. 5 (left and right) also show the absolute
values of the di�erences between values ofu inside the ventricular slice at times t = 30
(Neumann vs. Dirichlet) and 160 ms (periodic vs. Neumann). Di�erent scales are used
in both images for a better visualization of the di�erences between solutions.

We conclude this section with a comment on the size of the margin that has to be left
between the irregular geometry and the rectangular domain in which it is embedded. As
the function � ( � ) has value one inside of the irregular geometry and smoothly goes to
zero beyond its boundary, at �rst sight one could think that i t would be su�cient if we
leave enough extra space so that� ( � ) approximately goes to zero in all the boundaries
of the rectangular domain. However, the actual constraint is somewhat more restrictive,
since the function we use in the numerical implementation ofthe algorithm is log � ( � )

and not � ( � ) . The right panel of Fig. 6 shows with a white dashed line the contour of
points where log� ( � ) reaches its minimum, i.e., log� ( � ) � log � , where � is the machine
precision. Note that more space is needed than at �rst might be thought. The use of
an excessively big margin would mean a waste of computational resources since we are
only interested in the solution of the partial di�erential e quation inside the irregular
domain, but on the other hand the use of a narrow margin would cause log� ( � ) not to
be periodic over the external boundary and its derivatives via FFT routines would be
polluted with a Gibbs phenomenon that would destabilize themethod. This can be seen
in the left and middle panels of Fig. 6, in where is shown the evolution on time of the
L 2-norms of the di�erences between values ofu computed with di�erent margins and
periodic external boundary conditions, using the same values of � x, � y and � t than
before. In the left part of the �gure, solutions computed wit h margins of M = 25� ,
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FIG. 6. Left and middle: Evolution on time of the L 2-norm of the di�erences between values of
u computed with di�erent margins between the irregular geome try and the rectangular domain
used for embedding. Right: Smoothing of the irregular geometry, embedded in a rectangular
domain with a margin M = 10 � of extra space. The white dashed line shows the contour in
where log� ( � ) reaches its minimum.

15� and 10� are compared; once more, di�erences between solutions comeonly from
di�erent wave velocities due to the use of a di�erent number of points to compute the
spatial derivatives. Reducing the margin bellow the threshold of M = 10� , as shows
Fig. 6 (middle) for a margin of M = 8 � , causes the method to lose convergence. This
states for all the discussed types of exterior boundary conditions, since spatial derivatives
are computed in all of them via FFTs. In practice, a margin M = 10� of extra space
surrounding the irregular geometry is adequate, and we haveused this value for all the
simulations presented in this paper.

V. DISCUSSION AND CONCLUSIONS

From the previous section it seems that the boundaries of theextended domain in which
the irregular geometry is embedded do not play any pivotal role in the SSBM. The only
factor that could have a crucial in
uence in the results of the method is the margin left
between the regular and the irregular geometries, since an excessively small extra space
could contribute to the destabilization of the algorithm. I n any case, we have given
reasonable values for these margins that can be used in the numerical implementation of
the method.

It can also be inferred that any type of reasonable boundary conditions can be used
in the numerical implementation of the method. This also remains valid for the case
of periodic boundary conditions, thus justifying the use of FFTs to solve the auxiliary
problem on which the method relies. Furthermore, the use of FFT routines in the SSBM
ensures e�ciency and also makes its extension to three dimensions straightforward using
well-established routines [25]. However, other types of external boundary conditions
could be more suitable if a di�erent method is chosen for the computation of the spatial
derivatives. This could be the case, for instance, when solving the auxiliary problem by
means of a Chebyshev pseudospectral method, where homogeneous Dirichlet boundary
conditions would be much easier to implement than the periodic ones.
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In summary, we have presented in this paper a description of the Spectral Smoothed
Boundary Method and shown how the method is robust under di�erent types of external
boundary conditions, with the solution inside the irregular domain of interest remaining
the same regardless of the boundary conditions imposed overthe extended domain in
which the auxiliary problem is solved. We have quantitatively demonstrated this as-
sertion by numerically solving a hard problem characterized by the presence of sharp
gradients and di�erent time scales in its solution, and it should remain true for problems
with smoother spatiotemporal behavior.
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